Universidad 
Autonoma de Madrid 




Departamento de Fi'sica Teorica 
Facultad de Ciencias 



Consejo Superior de 
Investigaciones Cientfficas 




CSIC 



Institute de Fi'sica Teorica 



Killing Spinors - 
Beyond Supergravity 



Alberto R. Palomo Lozano 



Universidad 
Autonoma de Madrid 




Departamento de Fisica Teorica 
Facultad de Ciencias 



Consejo Superior de 
Investigaciones Cienti'ficas 




ICSICI 

Institute de Fisica Teorica 



EspiNORES DE Killing - 
Mas Alla de la Supergravedad 



Memoria de Tesis Doctoral presentada ante el Departamento de Fisica Teorica 
de la Universidad Autonoma de Madrid para la obtencion del titulo de Doctor en Ciencias 



Tesis Doctoral dirigida por: 

Dr. D. Patrick A. A. Meessen 

Investigador Ramon y Cajal, Universidad de Oviedo 

y tutelada por: 

Dr. D. Tomas Ortm Miguel 

Cientifico Titular, Consejo Superior de Investigaciones Cientfficas 



2012 



'For the things we have to learn 
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Chapter 1 

Introduction 



These pages are the result of the research undertaken in the Grupo de Gravitacion y Cuerdas, 
led by Prof. Tomas Ortm at the Instituto de Fisica Teorica UAM/ CSIC, during the tenure 
of my doctoral degree. They are intended to give an account of the kind of problems attacked 
during this time, as well as an illustration of why they can prove of interest, and the methods 
considered to solve them. In particular, it is a study of various constructions which arise 
in the context of supergravity theories and, along these lines, we have made use of methods 
developed during the programme of classification of supersymmetric solutions to these theories 
in order to obtain our results. 

In a very concise manner, Supergravity (SUGRA, for short) is a mathematical construction 
made from adding the algebra of Supersymmetry (which gives the Super in SUGRA) to the 
framework of General Relativity. This gives a field theory, which is interesting because one 
can recognise in it a spin-2 massless particle, identified with the graviton (the postulated 
particle mediating the gravitational force). In this way the 'Physics' behind the mathematical 
construction appears quite naturally in the construction. For the interested reader, there are 
several available books and review articles which give a detailed account of these topics. 

The outline of this work is the following. We start in section [TTT] with a quick introduction 
to Killing spinors and their use in the study of Supergravity. In particular, we comment on the 
interest for supersymmetric solutions to supergravity theories, from where we transition to 
the core topic of this thesis, which is the application of techniques arising in the search for the 
latter to other contexts. We begin by discussing fakeSupergravity in detail. This theory can be 
understood as a spin-off from genuine (regular) SUGRA, which arises by introducing a change 
of sign on the potential of the latter, and can be used as a scaffolding from where to obtain 
backgrounds with a positive cosmological constant. At last, we comment on possibilities of 
using these supersymmetric techniques to tackle problems of interest in Mathematics. 

Chapter [2] summarises the programme of classification of supersymmetric solutions to 
supergravity theories. This was initiated in 1983 by Paul Tod, and was pushed to within 
its calculational limits in the last decade, where many interesting characterisations were pro- 
duced. The chapter gives details of the spinor bilinear method pioneered by Gauntlett et al. in 
[1] , as well as the spinorial geometry approach of Gillard et al. \2\ , including the role that the 
mathematical concept of G-structures plays in both. Chapter [3] gives the full classification of 
solutions of = 2 d = 4 gauged fakeSUGRA, by considering bilinears formed out of spinors. 
The solution includes both the case where the vector bilinear's absolute value is larger than 
zero, dubbed the timelike case, and that when it is zero, i.e. the null case. Chapter |4] consid- 
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ers the problem of characterising the solutions to five-dimensional minimal fSUGRA, also by 
means of the spinor-bilinear formalism. Chapter [5] generalises this work, by presenting the 
classification of A/" = 1 d = 5 fSUGRA coupled to Abelian vector multiplets, but now using 
the spinorial geometry approach. Chapter [6] is an application of the techniques considered in 
previous sections to the mathematical investigation of Einstein- Weyl spaces. The problem of 
classifying this kind of spaces has largely been ignored, and only few certain examples have 
been proposed as of present. We add to the spectrum of solutions by considering a modified 
connection and using the techniques that were useful in classifying fSUGRA solutions, only 
this time we obtain a characterisation of Einstein- Weyl (EW) spaces. 

Annexes [l]|n] give a summary and conclusions of the work presented, in Spanish language. 
The last part of the thesis has the appendices, which contain information used during the 
main chapters of the work. Appendix |A] has the preferred conventions. It includes the 
definitions for the tensorial calculus used extensively in both four and five dimensions, given 
in appendix |A.l[ Appendix A. 2 provides the conventions for the spinorial geometry structures. 
Appendix |A.3| gives account of the spinor bilinears and Fierzs identities, which are relevant 
to the classification method of chapters [3] and [4| Appendix |B] defines the geometry of the 
scalar manifolds which appear naturally in the theories considered. We discuss Kahler- Hodge, 
special Kahler, quaternionic-Kahler and real special Kahler geometries, which appear in the 
context of pure SUGRA theories with vector and hyperscalar multiplets in both four and 
five dimensions. Appendix [C] has some geometric information useful in the characterisation 
of the null cases in both d = 4 and minimal d = 5 fSUGRA, as well as a little note on 
Kundt waves, which recurrently show up as a solution to this class. Appendix |D] contains a 
scholium on Weyl geometry, including annotations on Einstein- Weyl spaces and their subclass 
of Gauduchon-Tod, which appear naturally as the base-space geometry in the timelike case 
in d = 4 and in the null case of d = 5. Appendix [E| includes some basic information on the 
Similitude group, which appears when studying null case scenarios. Finally, appendix |F] is 
a short introduction to the Lorentz and the Spin groups, and the 2-1 relationship existent 
between them. 



1.1 Killing spinors 

Spinorial fields parallelised by some connection have been studied in both Mathematics and 
Physics for some time now. In Mathematics, this idea is succinctly expressed in the language 
of Killing spinors (see e.g. j3| for a review). These are spinors e such that 

Vxe = XX-e, (1.1) 

for a vector field X, where A € C is usually called the Killing number, and • is the Clifford 
product. Moreover, we say that a spinor is covariantly constant (or parallel) if it is Killing 
with Killing number A = 0, so that 

Ve = 0. (1.2) 

A very remarkable result is the correspondence between Riemannian manifolds admitting 
connections with special holonomjj^ and parallel spinors [3]. In hindsight, this is clear since 
if the spin manifold M"^ carries a Killing spinor, then M is Einstein and has Ricci scalar 



R = 4d(d- 1)A2 . 

^See appendix E.2 for some information on the holonomy group and special holonomy manifolds. 



(1.3) 
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One can then easily see why special holonomy manifolds are Ricci-flat. 

More so, Killing spinors have a lot of relevance in Physics. They were for example used 
to corroborate [5] the positive energy theorem of classical General Relativity (stability of 
Minkowski space as a ground state) [6l [7]. Moreover, they naturally appear in the context 
of Supergravity (see e.g. [8j). This is because they serve to describe spinorial fields parallel 
w.r.t. a supercovariant derivative which encodes the vanishing of the supersymmetric variation 
of the fermionic superpartners. In other words, solutions having unbroken SUSY admit Killing 
spinors. 

Supersymmetric solutions to SUGRA theories are prescriptions for the bosonic fields of 
the latter such that they solve the equations of motion arising from its action. In principle, 
a solution to a SUGRA theory, i.e. a theory whose action is invariant under the SUSY 
transformations 



need not be supersymmetric itself. A supersymmetric solutiorjj is defined as one which 
preserves a certain amount (all, or a fraction) of the original supersymmetry. This means 
that if we act on the solution fields with the (corresponding) elements of the SUSY group, 
these remain invariant. Nothing prevents us from trying to find non-BPS solutions to a 
SUGRA theory, but solving the equations of motion will in general not prove an easy task. 
Looking for solutions which preserve at least some fraction of the original SUSY will be more 
managable, and it is in this sense that supersymmetric solutions to supergravity theories have 
been of interest in the last couple of decades. 

For one, if Nature were to hold a symmetry between fermions and bosons at some high 
energy level, it is presumed that its vacuum would be described by some kind of supersym- 
metric solution. Furthermore, SUGRA has been notably relevant to string theorists ever since 
it was interpreted as a low-energy limit of Superstring Theory, providing with the framework 
of an effective field theory where one has the ability to calculate, and whose solutions are 
bone fide backgrounds which capture many of the gravitational aspects present in the full 
picture. In this sense, supersymmetric solutions offer a very convenient scenario where to test 
and develop ideas for the latter. For instance, the study of the quantum regimes where string 
theories purportedly live is by no means an easy task; supersymmetric solutions, on the other 
hand, have further stability properties granted by the presence of Supersymmetry, which con- 
strains the equations of motion that need to be solved, and this can be used in certain cases 
to prove their non-renormalisability under quantum corrections (see e.g. P-I13j). 

An example of this is the microscopic interpretation of black hole (BH) states, that led 
to the renowned matching of macroscopic and microscopic black hole entropy [U] . This was 
achieved by considering an asymptotically-flat five-dimensional extremal black hole, where 
the non-renormalisability of the mass-charge relation for supersymmetric bound states allows 
for the counting of microstates. Moreover, the analysis makes use of the so-called attractor 
mechanism of jl5l-ll7j. which was discovered in the study of supergravity models, and says 
that the matter fields on the event horizon of a supersymmetric black hole depend only on 
the electric and magnetic charges of the solution, and not on the asymptotic values of the 
fields. 




6eip^ = D^e + ... 



(1.4) 



^It is also customary to refer to those solutions preserving some residual SUSY as BPS solutions, since they 
saturate the Bogomol'nyi-Prasad-Sommerfeld bound. 
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Another instance of foremost importance is that which led to the very famous AdS/CFT 
conjecture, that relates a string theory/ gravity theory to a quantum field theory (with- 
out gravity) on its boundary. In |TH], Maldacena described the correspondence between an 
extremal black hole composed of N D3-branes, whose near-horizon geometry is given by 
the maximally-symmetric and maximally-supersymmetric AdS^ x S^, and the = 4 super 
Yang-Mills theory on M x S^, to which the string theory drifts as the string scale goes to 
zero. This AdS^ geometry is actually the only maximally-supersymmetric ground state for 
five-dimensional minimal gauged SUGRA, and it is presumed that other less-supersymmetric 
solutions would be of interest in further studies of the conjecture, as well as in other brane- 
world constructions of a similar nature. In particular, these BPS solutions with smaller resid- 
ual SUSY may correspond to states of the conformal field theory expanded around operators 
which have a non-zero vacuum expectation value. 

In view of this, it is clear that the connection between the study of supersymmetric 
solutions and our understanding of String Theory has proven very fruitful. However, it 
should be noted that most of the advances in the topic have been concerned with the study 
of asymptotically- flat or anti-De Sitter solutions. Very few advances have been produced in 
the area of De Sitter solutions, and little is known about them at present. We shall return to 
this topic in the following section. 

1.2 Beyond Supergravity 

In this section we introduce the core topic of this thesis, which is the application of techniques 
arising from the classification of supersymmetric solutions to supergravity theories to other 
contexts. We start with a description and motivation to the theory of fakeSupergravity, which 
is considered in chapters |3j |4] and [5| Later on we will see that the arguments can be refined 
to also classify geometries. 

As commented above, not much is known about the behaviour of De Sitter solutions. 
From a Supergravity perspective, this is because there are few models allowing for a positive 
cosmological constant, and the ones that do are very complicated, which hinders our ability to 
find non-trivial solutions. Even though some solutions do exist, they are not general enough, 
and thus far the achievements obtained with the likes of the attractor mechanism, or the 
AdS/CFT correspondence, are unmatched. It is in this context that the study of solutions to 
fakeSupergravity is motivated. 

Roughly speaking, fakeSupergravity (fSUGRA) arises by performing a Wick rotation on 
the Fayet-Iliopoulos (FI) term [19j of a standard SUGRA, which modifies the gauge group 
of the theory. Its connection with cosmological solutions is given by the works of Kastor 
and Traschen (KT). In [20j, they created an asymptotically-De Sitter charged multi-black 
hole solution by observing that the extreme Reissner-Nordstrom-De Sitter black hole solution 
written in spherical coordinates could be transformed to the time-dependent conforma-static 
form 

ds^ = n^^dT^ - n"^ dxjg) with n = Ht + ^ , (1.5) 

where 3H^ is the cosmological constant. As the r-dependent part of is a spherically- 
symmetric harmonic function, the multi-BH solutions can be created by changing it to a 
more general harmonic function. 

Seeing the similarity of the above solution and the supersymmetric solutions to minimal 
M = 2 d = 4 Supergravity [21], whose bosonic part is just E-M theory, Kastor and Traschen 
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proceeded to show in |22j that their multi-BH solution solved the spinorial equations 

Vae/ = -f 7a £ije^ + H AaCj + iF+jhije^ . (1.6) 

This fermionic rule can be derived from the supersymmetry variations of minimal gauged 
M = 2 d = 4 Supergravity, which has an anti-De Sitter type cosmological constant A = —3g'^, 



by Wick-rotating g — t- iH. Eq. (1.6) looks a lot like a Killing spinor equation, however, unlike 
a proper KSE, this one does not arise from SUSY considerations. Therefore it is common to 
refer to an equation like this as a fake-Killing spinor equation (fKSE) [23j. 

In this direction, further works were produced by London in [24J, where he generalised the 
KT solutions to produce higher-dimensional multi-black holes, by showing that his solutions 
solved too a suitable fKSE. Also, Shiromizu included spinning solutions in a stringy theory 
in |25| . Similarly, the first solutions to five-dimensional E-M-dS theory were given in [261 EZ] ; 
which were based on proposed Ansatze. A little later, Behrndt and Cvetic generalised in 
pS] the KT backgrounds to solutions to four- and five-dimensional SUGRA theories coupled 
to vector multiplets, by noting that the difference between the cosmological solutions of |20j 
and the usual supersymmetric solutions (see e.g. eq. (2.6) in |21j ) is given by the linear r- 
dependence in 0. They thus proposed a substitution rule, in which they called for adding a 
piece (linear in the time-coordinate) to the harmonic functions which recurrently appear in 
the study of supersymmetric solutions to SUGRA theories. 

Furthermore, they showed that their solutions solved fKSEs that could be obtained from 
the KSEs of gauged supergravity with vectors, by Wick-rotating the coupling constant. They 
pointed out that this is equivalent to considering an M-gauged symmetry. This can be seen 
explicitly e.g. in the construction of gauged M = 2 d = 4 Supergravity coupled to vector 
multiplets, which calls for the inclusion of a U{1) Fayet-Iliopoulos term. In terms of the KSE 
of theory, this FI term is gauged, proportional to the coupling constant (see e.g. [29]). By 
Wick-rotating the coupling constant, this is equivalent to performing a Wick-rotating on the 
gauge group, which now becomes M. 

In summary, the work of Kastor and Traschen opened up a whole new window of research, 
where new backgrounds can be obtained from the study of theories allowing for parallel 
spinors w.r.t. a new supercovariant derivative, different from the one prescribed by SUSY. 
In this sense, Grover et al. pioneered in [3D] the programme of systematic classification of 
solutions to theories admitting fKSEs. They used the spinorial geometry techniques of [2] 
to characterise the timelike solutions of minimal M = 1 d = 5 fakeSupergravity. One of 
the novel results they obtained is that the geometry contains a base-space which is a hyper- 
Kahler manifold with torsion (HKT), whereas it is of hyper-Kahler type in ungauged J\f = 1 
d = 5 SUGRA [T], and Kahler in the gauged version [H]. Moreover, ungauged and gauged 
Supergravities permit the embedding of gravitational models with a vanishing or negative 
cosmological constant, respectively. Since the procedure involved in fSUGRAs generates a 
change of sign in the potential of the theory, the resulting cosmological constant is positive, 
and fSUGRA is often referred to as De Sitter Supergravity. 

However, a word of caution should be issued here: it has long been known that although ac- 
tions with local dS Supersymmetry exist, they violate the positive-defineteness of the Hilbert 
space, so the corresponding supergravity theory contains ghosts [32l[33]. This of course poses 
a problem with unitarity, and thus one has to be particularly careful with the interpretation 
of physical results coming from studies of such a setting. In this sense, the idea of using 
spinors that are not parallel under the standard covariant derivative prescribed by SUSY was 
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(to the best of our knowledge) first introduced in [231 El] • These fields were later employed to 
establish a duality between supersymmetric domain-wall solutions of a supergravity theory 
and supersymmetric cosmologies |35) . in the context of the Domain Wall/ Cosmology corre- 
spondence (cf. [361-140] ). In their construction, Skenderis, Townsend and Van Proeyen require 
the closure of the SUSY algebra, on top of the rotation of the coupling constant. This they 
do by introducing a further reality condition on the spinorial and matter fields of the theory, 
which produces the expected ghost fields. They have indeed a SUGRA action invariant under 
the De Sitter group. 

The situation for our course of study is different, in that fSUGRA is considered as a 
solution-generating technique. We only perform a Wick-rotation on the coupling constant 
(FI term) of the corresponding SUGRA theory, and solve the condition of parallelity of the 
spinorial field under the (resulting) supercovariant connection. There is no demand for the 
SUSY algebra to hold; this does away with the ghosts, and hence the solutions to fSUGRA 
are faithful physical backgrounds. Furthermore, starting from a fakeSupergravity theory and 
taking the limit of vanishing FI term, one recovers an ordinary Supergravity theory with 
vanishing coupling constant (Minkowski SUGRA). 

We have just seen some instances of the link between Killing spinors and certain classes 
of geometrical spaces. This suggests that the techniques used in the classification of fSUGRA 
solutions can be extrapolated to also classify geometries. A case study of this is given in 
chapter [6| where we have considered a non-vanishing spinorial field fulfilling a particular 
condition of parallelity. The condition has been chosen so that its integrability condition 
gives rise to the equation defining Einstein- Weyl spaces, thus offering a way to classify these. 
By way of the bilinear method, we come to characterise all possible EW manifolds which arise 
in this SUSY-like manner. 



Chapter 2 



Classification of supersymmetric 
SUGRA solutions 



In the previous chapter, we have commented on the interest of finding BPS solutions to 
supergravity theories. A lot of efforts have been devoted to this end throughout the last 
decades. The classical approach is to take some motivated Ansatz for the bosonic fields, 
and seek examples that admit the vanishing of the fermionic superpartners, see e.g. [41I-I49j. 
While this approach has given some results, it is of course useful to obtain a more systematic 
method for finding supersymmetric solutions. In particular, given a supergravity theory, it is 
natural to ask whether one can obtain all supersymmetric solutions of that theory. This was 
done in 1983 by Tod for the case of minimal A/" = 2 d = 4 Supergravity |21j . He obtained the 
most-general background which would saturate the positivity bound for the ADM mass of an 
asymptotically-flat spacetime that satisfies the dominant-energy condition |50j . Tod's work 
was a completion of an analysis that Gibbons and Hull had started in [51] , where they noticed 
that a solution saturating the bound would imply that a Dirac spinor e* (for i = 1,2) would 
serve as a supersymmetry transformation. Many years later, Gauntlett and collaborators 
took the method one step further by classifying all the supersymmetric solutions of minimal 
flve-dimensional SUGRA [1]. One then naturally asks why did it take so long, from the 
original article by Tod, to the feverish activity that started in 2002. The reason is that the 
original article by Tod employed the Newman- Penrose formalism for General Relativity [52], 
which is inherently limited to four dimensions. Gauntlett et al. surpassed that limitation 
by considering a novel techique in the characterisation of solutions. They asummed the 
existence of a Killing spinor, and constructed bilinears out of them. These bilinears satisfy a 
number of algebraic and differential equations, and their analysis gives a characterisation of 
the supersymmetric configuration^ 

Roughly, the process of characterisation is the following: we consider the vanishing of 
the variations (with respect to a SUSY parameter) of the supersymmetric partners of the 
bosonic fields of the theory, which gives rules for these fields. We shall generically refer 
to these rules as the Killing spinor equations (KSEs). They are prescribed in terms of the 
relevant bosonic supergravity fields, as well as the assumed Killing spinoiR Among them. 



^When we refer to a configuration, we mean the prescription for the fields of the theory arising from the 
existence of the Killing spinor. It will become a solution once the field equations of the theory are also satisfied. 

^Notice that because supersymmetric partners have spin either f/2 or 3/2, the variation also has to be 
half-spin- valued, which a combination of integer-valued bosonic fields and a spinor will respect. 
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there is one that can be interpreted as a rule for the parallel propagation of the spinor, in the 
Mathematical sense. One then uses these rules to obtain the most general form of the bosonic 
fields, of course compatible with the KSEs and the existence of a preserved spinor. They form 
a supersymmetric configuration, since they are consequence of assuming the existence of a 
non-vanishing spinorial field, which is interpreted as the supersymmetric transformation. 

Moreover, the configurations thus obtained need to also solve the dynamical field equa- 
tions. Since the rules obtained above are linear in derivatives, and the equations of motion 
(EOMs) are second order, one cannot hope to obtain a recipe for solutions to the EOMs 
straight away. Instead, one uses the supersymmetric configurations as Ansatze from which to 
obtain supersymmetric solutions, by solving the field equations. In this sense, an observation 
made by Gauntlett et al. in p!] (originating from the work in [53], and further formalised in 
|54j ) reduces the amount of work necessary to find the conditions that a supersymmetric field 
configuration needs to fulfill. The key idea is that the existence of Killing spinors (i.e. the 
solutions preserving some supersymmetry) implies relations between the EOMs. 

This was already seen in [9], where they called these relations Killing spinor identities 
(KSIs), although at that time they used them to prove invariance under quantum corrections 
of certain supersymmetric black holes solutions. In particular, these KSIs relate equations 
for fields of spin differing by 1/2. In turn, this implies that one only needs to check explicitly 
a certain number of the components of the field equations, since others are automatically 
fulfilled by means of these relations between them. The KSI is based on the fact that the 
invariance of an action under a (super) symmetry implies the following gauge identity 

5S = f 5^^^^^^ = [ 5<^^£a = 5'^^£a{<^), (2.1) 



where we are using a superset of fields = {B"", -F"}), and we have introduced the notation 
in which the equation of motion for a field <I>^ is written as £a{^) = 0. If one then considers 



the functional derivative of the last equation in (2.1) w.r.t. some fermion field, and evaluate 
the resulting identity for purely bosonic configurations that solve the Killing spinor equations, 
i.e. F°^ = 6eF°' \f=o = 0) ones sees that 



£a . (2.2) 

=0 



This equation is the Killing Spinor Identity, and must hold for any supersymmetric system. 
Equivalently, the KSIs can be seen as a subset of the integrability conditions of the KSEs. 
We now proceed to describe the bilinear formalism of yj. Spinorial geometry techniques, 



first introduced in p], are discussed in section 2.2 



2.1 Bilinear formalism 

The bilinear formalism is a method for characterising supersymmetric solutions. Thus, it 
starts with assuming at least one Killing spinor; this is an e such that 

= , (2.3) 

where D is the covariant derivative that results from demanding the vanishing of the gravitino 
variation (w.r.t. e) for the theory in question, i.e. S^ip^^ = 0. To be specific, lets focus on the 
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original pure M = 1 d = 5 theory of where we shall repeat the calculations presented 
in [Ij. The bosonic field content of this theory is given by a Fiinfbein (the graviton) e"^ 
and the graviphoton A^; the fermionic content by the gravitinos ■i/'^, which are taken to be 
sympletic-Majorana. There are two of them (i = 1,2), accordingly with taking Sp{l) as the 
group defining the condition on the spinors. 
The action of the theory is 

^ ^Rdvol--FAi<F-^FAFAA] , (2.4) 



47rGy V 4 2 3^/3 

and the field equations are 

= R^u + 2 {F^pF.P - ^g^.^Fr^F^'') , (2.5) 

= d^F+^FAF. (2.6) 
v3 

The supersymmetric transformation rules for the bosonic fields are given by [55] 



See\ = -ea^i^l (2.7) 



2 

5,A^, = i^Zi^l ■ (2-^ 



and they shall be used in the context of the KSIs. The gravitino KSE is 

b,^^^ = ^,e' = {v^ + ^(Tm-p - ^V,ulp)F'"^^ 6^ = , (2.9) 

where e* are again sympletic-Majorana spinors, and, as the KSE is linear in them, we can 
take them to be classical commuting spinors. 

Continuing with the formalism, we proceed to construct bilinears out of the two spinors 
(see also appendix A. 3. 2), 

/ = iei^ (2.10) 
V" = iea^e' (2.11) 
^rab ^ (a^) e^.^«V . (2.12) 

The key step in the method is relating them to the fields in the theory through the KSE 
(2.9). In order to do this, we now summon the very important Fierz identities, cf. appendix 



A.3.3[ These allow us to obtain several algebraic identities which shall play a major part in 



the analysis. The five-dimensional identities are given in eqs. (A.69)-(A.76), and in particular 
( 1X691 ) says 

V''Va=~f\ (2.13) 

This implies that V"" is either timelike, null or vanishing The reasoning needed in these two 
cases are different, and thus we shall treat them sequentially. Its solutions, just as in Tod's 
analysis, will hence vary depending on the case. 

''The possibility of having a zero V is excluded in regions where the spinor is non-vanishing, and we shall 
only differentiate among timelike or null case. 
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We now differentiate the bilinears and use the KSE to obtain the following differential 
equations 

2 



df 



ivF 





^F+^i.{FAV^) 



^/3 



(2.14) 
(2.15) 

(2.16) 
(2.17) 



where LyF is the interior product of F and V defined as LyP = I'V^du 
Vt'Ff.^dx", and is the one-form obtained from V through the musical isomorphism b : 
TM — > T*M . In components, this is the action of raising/ lowering indices with the metric. 
Notice eq. (2.15) is saying that is a Killing vectoij^ Furthermore, taking the exterior 
derivative of eq. (2.14), one gets 

= d{LvF) , 

which, by the Bianchi identity of the field strength and the definition of the Lie derivative, 
implies that 



CvF = . 



(2.18) 



This result, plus eq. (2.15), means that y is a symmetry of the putative solution {g, F). Also, 

(2.19) 



by totally antisymmetrising eq. (2.17) over the free indices we see that 

= , 



hence the are closed 2-forms. 

Before splitting the analysis in the two possible cases, let us consider a subset of the 
integrability condition on the supersymmetry transformation of the gravitino. This will give 
an equation which Kallosh and Ortin first called the Killing spinor identity. It is 







= ^iSp"" -lop^'Spni^ + ^iM^r + \Ball-^{M^ + \B,)^e' , (2.20) 

where £fj_y is, when equal to zero, the Einstein equation, M.^ the Maxwell equation and B^y^ 
the Bianchi identity, such that 



'-■p — '^p '-'a ) 



'-'a 



_L 6S_ 



1 .55 



, Bf,,^ = {dF)p,, . (2.21) 



We can get an identity for 8pP by acting on (2.20) with (from the left); plugging it back 

(2.22) 



into (2.20) one gets the KSI relating Einstein, Maxwell and Bianchi equations 

V3 



= (f/ - V3 (*fi)/ j 7^ - ^M, 



*This will not be the case in the study of fakeSUGRA solutions. 
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Acting on it with iei'yy, one gets again the structure of the bihnears, which upon recalhng the 
Fierz identities gives 

= / {S^^u - V3 i^B)^,) - ^M^V, . (2.23) 
Acting instead with Hi, one arrives at 



(2.24) 



which in the timehke / 7^ case is equivalent to eq. (2.23), by means of the Fierz identity 



(A.69) 



One can also act on eq. (2.22) with ej{a^')i"f'^ [56j, which gives 

0= (f^,- V3(*fi)^,) ^"-^'^ . 



(2.25) 



In the timelike case we can separate eq. (2.23) in symmetric and antisymmetric parts, 
which read 



V3 
4/ 



1 

'4/ 



(2.26) 
(2.27) 



Notice that this says that if the Maxwell equantion is satisfied, i.e. = V^, then 
both the Einstein equation and the Bianchi identity are also automatically satisfied. These 



equations will be used in section 2.1.2 , when we analyse the equations of motion of the Ansatz 
for the timelike supersymmetric configurations. 



In the null (/ = 0) case, the tensorial equation (2.23) can be expressed as 



MaV, 







(2.28) 



which implies that the Maxwell equation is identically satisfied. 
To proceed, we shall distinguish between the two possible cases. 



2.1.1 Null case 



In this case V = f = and hence / = 0. Eq. (2.16) expresses that V A dV'' = 0, i.e. V is 



hypersurface-orthogonal. The Frobenius theorem of differential geometry then implies that 
can be written as = fdu, where / and u are functions. Furthermore, since 



CydV^ = , 



(2.29) 



V is tangent to surfaces of constant u; this allows us to introduce coordinates {u, v, y™) (m = 
1, 2, 3) such that the surfaces tangent to V are parametrised by v. Hence V = d^. The metric 
then has the form 

ds^ = 2fdu{dv + Hdu + w)- f-^h-mndx^'dx'' , (2.30) 
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where the function /, the function H and the three-dimensional metric h^n do not depend 
on V, because by eq. (2.15) ^ is KiUing. This is a Kundt metric, as given in eq. (C.28). Using 



identities (A. 71) and (A. 72) one easily arrives at 



(2.31) 



Since the forms were previously determined to be closed, cf. eq. (2.19), this implies that 
uvn — 0, whence is ^-independent, and also that {d'^^)umn — 0, which means that by 
Poincare's lemma we can locally write as an exact form, i.e. 



(2.32) 



for some function y*" = y'"(u,a;™'), as <I>^ should not depend on v. Precisely because of the 
coordinate dependence of the new functions y'', one can perform a coordinate transformation 
that respects the metric (2.30), and rewrite a^ 



du A dx^ . 



Moreover, we can use the Fierz (A. 73) to find 



um^ un 



(2.33) 



(2.34) 



so the base-space metric hmn is Euclidean, i.e. flat. 

We now proceed to obtain the form of F. To do so, it is easier to work with an orthogonal 
frame where the full metric is flat; a convenient one is given by 



e+ = fdu , 

= dv + Hdu + w , 



-- f-\du - Hd,) , 

fe"^i {dm - Wmdv) , 



(2.35) 



= f-^e'm dx"" , ( 

5^ because of the flatness of the base-space; the metric is consequently 



given by 



ds' 



e + e 



(2.36) 



where i = 1,2, 3. An inmediate thing to see is that due to eq. (2.14), iyF = 0, and just as in 
the timelike case we use it to symplify the field strength to 



F = F+i e+ A + -Fij e' A e^ 



(2.37) 



(2.38) 



Likewise, using eqs. (2.15) and (2.17) one obtains the full form, which reads 

F = ^fdu A *^^)dw + 2^/3/-2 ^(3) df , 

where d is the derivate w.r.t. to the base-space coordinates x*, i.e. d = dx'^ 9i. The Fierz 
identity eq. (A. 75) in the tangent-space base reads 

7+e = . (2.39) 

''Observe that the coordinate transformation sends the (in the metric and in to j/', which we relabel 
again to for convenience. 
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It follows from the analysis of the KSE that this implies having a constant spinor. Since 
eq. (2.39) is the only restriction applied, and 7''' has rank 2, this entails that at least half of 



the supersymmetry is preserved. 

We have so far obtained supersymmetric configurations to the theory in question, but we 
would now like to obtain solutions. For this we need to impose the Einstein field equation, as 
well as Maxwell's equation and the Bianchi identity on the gauge field strength. The analysis 
of these will also give us the final pieces in the characterisation, the descriptions of / and H 



above. Recall that, because of the KSIs, Maxwell's equation (2.6) is identically satisfied. The 
Bianchi identity, dF = 0, gives the following constraints 








d{f *(3) dw) + 3 *(3) du *(3) d{f 



(2.40) 
(2.41) 



Eq. ( |2.40[ ) implies that /" 
as 



^ = f ^{u,x^) is a harmonic function, and eq. (2.41) can be recast 

f-^Vi^ , (2.42) 



for an undetermined function (j) = (p{u,x^). Its integrability condition implies that it is 
generically solved in terms of another harmonic function L = L{u,x^). 

We now analyse the gravity field equation. In view of eq. ( 2.25| ), it is easily seen that the 
components 

£-\ — , £+i , £ , £-i , Sij (2.43) 

all vanish, thus only needs to be explicitly solved. The explicit form of this equation of 
motion is not too enlightening and we shall content ourselves with the knowledge that it can 
be solved by a function Hq = Ho{u,x^) that is harmonic w.r.t. the coordinates. 

Observe that we still have remaining gauge freedoms, e.g. shifts to the coordinate v — )• 
V + g{u,x''), which can lead to simplification of the results. We will, however, refrain from 
doing so, since the purpose of this section is solely to introduce the method. Interested readers 
can of course refer to [Ij for details, as well as the solution to the problem by means of spinorial 



geometry techniques, in section 2.2.1 The end result is that the general supersymmetric null 
solution to d = 5 SUGRA is a geometry given by the metric (2.30) and the field strength 
(2.38). The functions / and H are harmonic, and fulfill the eq. = 0, which is solved by 



expressing H in terms of a harmonic function Hq. The 1-form w is given by eq. (2.41), also 



solved by means of another harmonic function, in this case L. Moreover, the three-dimensional 
base-space is fiat. 

2.1.2 Timelike case 



In the timelike case, since V is larger than zero, eq. (2.13) implies that / > 0. The two 



possible cases are positive and negative /. We focus solely on the positive one, for illustrative 
purposes; the other case is obtained analogously, and grants the same solution modulo some 
minus signs and replaces the self-duality conditions by antiself-duality, and vice versa. 

Because V is timelike, we introduce a time coordinate adapted to its flow, i.e. V = df. 
The metric can then be decomposed in conforma- stationary form 



ds^ = f\dt + wY - f-'h^ndx'^dx'' 



(2.44) 



where hmn is the metric on the four-dimensional base-space M(4), which is four-dimensional 
(m, 77. = 1, 4), and w = Wm dx"^ is a 1-form. Because ^ is a Killing vector field, the function 
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f, the metric hmn and the 1-form w are thne-independent. Notice that the presence of the 
factor multiplying the base-space metric guarantees that the Laplacian operator acting 
on time-independent fields can be expressed solely in terms of hmn- 
We choose the following Vielbein 



6° = f{dt + W) , 



where e°- and 9a are canonically-dual, i.e. e'^{ 



(5?, and we have defined e^^e^ 



Wi = Wme^i and e'me' 



for i,j = 1, . . . , 4. The metric is then given by 

ds^ = e° - . 



(2.45) 
(2.46) 



The Fierz identity (A. 71) shows that the two-forms <I>^ live in the base-space, and by 



(A. 72) they are also antiself-dual. ( |A.73 ) can then be written as 



(2.47) 



This is the algebra of imaginary unit quaternions (see appendix [B|). By eq. (2.17) we can 
see that is covariantly constant w.r.t. the Levi-Civita connection on the base-space, in- 
duced from the five-dimensional one. Since is also compatible with the metric (they are 
2-forms and thus antisymmetric in their indices), we can say that the base-space has an inte- 
grable quaternionic structure with three closed Kahler forms (given by {^^)mn), and whence 
{M(^^^,hmn) is a hyper-Kahler manifold. 

Since, as commented above, uo is time-independent, its exterior derivative duo is a 2-form 
that lives on the base-space M(4). We can therefore decompose 



fdw = G+ + G~ 



(2.48) 



where are (anti)self-dual 2-forms on the basespace, i.e. -k(^4^G^ = ±G^. We can use this 
decomposition to study the field strength. This can be generically be written as 



F = FQi Ae' + ^Fije' Ae^ 



(2.49) 



Then after some calculations with eqs. (2.14) and (2.16) one obtains (respectively) the form 
of Foi and Fij , such that 



F 



1 



2V3 



3/- V' Adf + G+ + 3G~ 



(2.50) 



We now show that the necessary conditions obtained so far are also sufficient to satisfy the 
KSE for a non- vanishing e*, and hence the configuration has some unbroken SUSY. Eq. (A. 75 ) 
in a Vielbein basis implies that 

(2.51) 



Notice this equation also says that e* is chiral with respect to the associated spin structure 
defined on the base-space, i.e. 



^01234gi 



^1234^0 ^ ^1234 



(2.52) 



2.1. BILINEAR FORMALISM 



23 



having used eq. (A. 43), and chosen the orientation g0i234 _ ^ Invoking again (A. 43), one 



obtains that the antisymmetric product of two gamma matrices acting on the spinor is antiself- 
dual w.r.t. the base-space metric, i.e. 



(*(4)7) 



jk i 



whence the product 







(2.53) 



(2.54) 



identically. This is useful for analysing the time-component of the KSE (2.9), which results 



in the statement that the spinor is time- independent, i.e. e = e{x). The spatial components 
can be generically solved by taking an epsilon of the form 



e(t,x-) = 6(x") = /i/%(x-) , 



(2.55) 



where rj is such that VrnV = 0. In other words, (M(4),/imn) admits a parallel spinor. Fur- 
thermore, as the base-space is hyper-Kahler, we are assured that such a spinor exists [1]. The 
projector ^(7^^ — 1) has rank 2, and consequently the configurations presented preserve at 
least 1/2 SUSY, as in the null case. 

To finish the analysis, we proceed to impose the equations of motion: demanding the 
fulfillment of the Maxwell equation implies the following equation 



V™V^^/-i = ^(G+)^„(G+)™" . 

The Bianchi identity dF = 0, in turn, says that is closed, i.e. 

dG+ = . 



(2.56) 



(2.57) 



The remaining EOMs do not impose any further conditions, as by the KSIs all of the 
components of the Einstein field equation are automatically satisfied. To summarise, we 
have that supersymmetric timelike solutions to minimal d = 5 SUGRA are given by the 
metric ( |2.44[ ), where the base-space is time- independent and described by a hyper-Kahler 
geometry (M(4), hmn) and antiself-dual Kahler 2-forms. Also, there is a globally-defined time- 
independent function /, and a time-independent 1-form w locally-defined on M(4) , such that 
fdw = + G~ . Moreover, the field strength is given by 



2^/3 



-3((it + w)^df + 3 fdw - 2G+) 



(2.58) 



and eqs. (2.56) and (2.57) ought to be satisfied. 



2.1.3 G-structures 

So far in this chapter we have described the bilinear method for characterising supersymmetric 
solutions to SUGRA theories. One of its foremost ingredients is the construction of forms 
out of the supersymmetric parameters (spinors) of the theory. By means of the KSE, these 
forms are analysed and prescribe the resulting geometry. While we did not comment on it 
above, historically the construction of these forms was strongly suggested by the mathematical 
concept of G-structures, and in fact one can reinterpret the method from their point of view. 
We proceed to give a brief description of these structures, and their relevance to our study. 
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Pure gravity supersymmetric solutions (where the only turned-on field is the vielbein) are 
given by Ricci-flat metrics with special holonomy. By this we mean metrics on a manifold 
M'^ whose torsion- free, metric connection has holonomy group smaller than the most-general 
Gl{d) grouprl and such that it paralellises a spinor, i.e. 



Ve = . (2.59) 
The classification of such possible metrics, in Euclidean signature, was famously given by 



Berger in 1955 (see appendix E.2 for some more detail). Alas, here we are interested in a 
Lorentzian signature, which is much less studied. Furthermore, we are dealing with theories 
which also have matter, and hence the spinor will in general no longer be parallel w.r.t. the 
Levi-Civita connection. It is in this sense that G-structures come to our aid, as they provide 
us with a framework with which to generalise the concept of special holomomy. 

We define G-structures in terms of the frame bundle F{M) on our manifold M'^ |57[ I58|. 
Generically, any element of GL{d) will take one choice of frame into another. However, as 
soon as there is any additional structure defined on M, the group G preserving such structure 
will be strictly smaller than GL(d). This smaller group will serve as the structure group for a 
frame sub-bundle, and it defines a G-structure. This is similar to SO{l,d) being the largest 
possible holonomy group on a manifold with a connection that respects lenghts. Thus, the 
existence of a G-structure implies that the possible change of frames of F(M) is given by G. 

There is an equivalent definition of G-structures using tensors (see e.g. [58]). In particular, 
any tensor can be decomposed into representations of the group G. We want to consider those 
tensors that are non-vanishing, globally-defined and invariant under G. Precisely because of 
the global aspect, if there is such an invariant tensor, it means that the structure group 
of F{M) is no longer GL{d), but rather G (or a subgroup of it). So we can establish a 
correspondence between the existence of a G-invariant tensor, which is something that can 
easily be calculated, and having a G-structure. 

Additionally, there is a relation between G-invariant tensors and torsionful connections 
], which is what is needed for our desired generalisation. We consider the standard covariant 



derivative V of a G-invariant form it can be decomposed into irreducible G- modules Wj 

^ e ~ A^ , (2.60) 
where g'^ are the elements in so(l, d) which are not in the Lie algebra g of G. The right hand 



side is so because Q is G-invariant, and hence g o = 0. Equation (2.60) can be explicitly 
expanded as 

where the Kmn* G © VVi label the modules. The decomposition allows us to define a new 
covariant derivative V = V + with torsion K. Since VTi = by construction, the 
holonomy group of this new connection is inside of G. Note that this serves as the desired 
generalisation, since when all the modules Wj vanish, it is equivalent to = 0, i.e. having 
special holonomy inside of G. Having the modules turned on implies deviating away from 
special holonomy, which is what we want for classifying supersymmetric solutions to SUGRA 
theories with matter. 

^Having chosen a metric-compatible connection, SO{d) is in fact the largest possible holonomy group 
allowed. 



2.2. SPINORIAL GEOMETRY TECHNIQUES 



25 



In this sense, the biUnears made out of spinors which we had in the previous two sections 
are G-invariant tensors, and they encode the existence of a G-structure, where the Kmn' are 
given by the matter content of the theories studied. This G-structure is defined in terms of 
the supersymmetry parameters e*, which are solutions to the KSE of (2.9). The biUnears 
constructed in the timehke case determine an S'C/(2)-structure, while in the null case its an 
M^-structure. 



2.2 Spinorial geometry techniques 

In this section we introduce the Spinorial Geometry technique for classifying supersymmetric 
solutions to supergravity theories. In [2j Gillard et al. characterised the solutions of d = 11 
SUGRA for = 1,2,3,4 SUSYs, by recasting the supersymmetric parameters (spinors) in 
the language of differential forms, and using the gauge symmetry of the theory Spin{l, 10) to 
greatly simplify the calculations. This approach stands on the shoulders of G-structures, and 
proves very adequate to treat problems involving a high number of dimensions and several 
preserved supersymmetries, where the bilinears method presented in the previous section 
becomes increasingly unmanageable. In this sense, this method has been used to extensively 
classify solutions in many scenarios (see e.g. |60l-l69j). The study of chapter [s] has been 
produced considering these technique^ which we now review. 

The starting idea behind the formalism is to consider the spinors as forms }70I-I72]. This 
gives us the means to introduce an explicit basis of spinors, which (and this is where the 
effectiveness of the method lies) due to the gauge symmetry of the theory, we can reduce to 
a simple expression/s. These canonical spinors are then introduced into the Killing spinor 
equation for an explicit evaluation, which translates into a linear system of algebraic and 
differential equations. These equations no longer have Gamma matrices in them, and can be 
solved to obtain the form of the resulting geometry. 

From an abstract point of view, the spinorial fields for different theories come in different 
irreducible representations of the Spin group, depending on the particular algebraic structure 
associated to the signature of the theory in question, which allows or not for certain restrictions 
on the spinors. A summary of this is given e.g. in [73] or [74, appendix B]. These spinorial 
representations each have a number of M independent components, with the minimal number 
corresponding to the smaller representation in a given dimension d. 

Generically, the space of Dirac spinors has 2L'^/^J (complex) components, and one can 
recast them in terms of the complexified space of forms on rL'^/^J, which is denoted mathe- 
matically by A = Span([-(1, ei, . . . , e^(i/2\) = A*(ML'^/^J (g)C). The canonical basis for A is then 
given by 

Ci ~ {f ) 5 ^hi2 1 ^n«2«3 ' • • • ' ^n---*[d/2j } ' (2.62) 

where each index i takes values in {1, . . . , [d/2j } and ei-^i2...ip = ei^ A ejj A ...Ci^. The 
dimensionality of the space of forms is thus given by the sum of the number of p-forms, where 
p = 0, . . . , \ d/2\ . This can be shown to equal 



''''' ' m\ 



d=0 



d 



2L^/2J ^ (2.63) 



^The results can also be obtained by employing the bilinear method. 
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thus agreeing with the (complex) dimensionality of the space of Dirac spinors. A general 
Dirac spinor can then be written as 

where all the /i^^^s are complex-valued functions, antisymmetric in all their n-indices. 

The given isomorphism also needs to carry a recipe for the action of the Lorentz algebra 
on the spinors. In this sense, the representation chosen for the action of the Gamma matrices 
on A will depend on the theory in question, since these need to respect the Clifford algebra 
defining-relation 

{ja,lb} = 2l]abt , (2.65) 

where ry in our case is diagonal mostly-minus. For odd-dimensional M^^''^^ theorie^ one can 
e.g. choose 

e = i{ei A e + ie,e) , 7i+(d/2) e = -ei A e + ie,e , (2.66) 

where i = 1, . . . , {d/2) and e is a Killing spinor that can be expressed in term of forms, as in 
eq. (2.64). Observe that the action of the ji s sends the space of even forms to the space of 
odd form, and vice versa. The additional gamma matrix is given by 

70 = /i:7i . . .7d , (2.67) 

where k = k{r], d) is a constant that equals either i or 1, depending on the metric's signature 
and the dimensionality of the theory, so that 70 squares to 1 , in accordance with our choice 
of metric. 

To study smaller representations of the Spin group, we need a definition for the inner 
products on the space of forms. We do so by using the charge conjugation matrix 

C = 7(d/2)+i ■■■Id , (2.68) 

and an extension of the Euclidean inner product on M^/^ to A 

{z^ ^,,w^ = - Y.{zrw\ (2.69) 

i=l 

where (z*)* is the complex conjugate of 2*, and only identical forms (up to reordering of 
indices) have non- vanishing product. This inner product is not invariant under the Spin 
group, but we can define the Dirac inner product on A as 

D{m,V2) = {'yovi,m) = mv2 , (2.70) 

which is so by construction. Notice that (r/i)^ = (r/|7o)a = (^i'^)*(7o);3a is the Dirac conjugate 
of We also define the Majorana inner product a^ 

B{r„,V2) = {Cvl,V2) = vrV2 , (2.71) 

^Interested readers can consult [60] for an explicit representation suitable for type IIB theory. In {l,d°'^'^), 
one can essentially use the equations in ( |2.66[ l to represent d — 1 of the gamma matrices, and cook-up one more 
for the d*'' one. 

^Note that on even-dimensional theories there are actually two Spin-invariant Majorana inner products: 
one defined as 5(771,772) = (7o7{d/2)+i • • •7(d-i) '?i,»72), and one defined as 1(771,772) = (71 • • ■7(d/2) f7ii'?2) IHS- 
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where B{—,—) is antisymmetric by virtue of the form of the gamma matrices (2.66). The 
Majorana conjugate of r/" is given by rjf^ = —{r]-[C)a = — f/fC^a- The Majorana condition 
on rj is then given by demanding that the Dirac and Majorana conjugation are equal, i.e. 

r]*=7oCv. (2.72) 

Spinors satisfying this condition are called Majorana spinors, and are used e.g. in the study 
of M-theory backgrounds [21 |6l] . 

For the purpose of establishing a connection between the geometrical structures of the 
tangent and curved spaces, note that one can also construct /c-forms from the spinors (where 
/, J go from 1 to N) in the following way [2] 

a" = a{v',r,J) = B{r,' , 7,, ,..,,r?^) e'^^ A . . . A e«'= . (2.73) 

Observe that by using Hodge duality one can find the higher order forms 0^'^/^)+^, . . . 
to be dual or antiself-dual to the lower order ones Q^, . . . , Also due to the symmetry 

property of B{-,-), a"^^ = —a^^ for 0, 3 and 4-forms and a*^^ = a^^ for 1,2 and 5-forms, so 
one only needs to compute a^^ for pairs of spinors {rj^ ,r]^), where I < J. This and other 
analogue constructions of forms give a method to obtain Killing vector fields, along whose 
directions to introduce adapted curved space coordinates. 

This completes the description of spinors in terms of forms. The identification allows us 
to explicitly construct a basis of spinors for any given theory, and furthermore cast them in 
canonical form. Moreover, it will permit us to find the stability subgroups of the spinors inside 
Spin{l,n), which will in general be related to the G-structure of the solution backgrounds. 
The stability groups define classes of spinors (given by their orbits under such groups), so 
we can use a representative of each orbit to substitute into the KSE and operate on. This 
will generate a system of equations for the geometry and fiuxes of the theory, all of which 
are locally expressed in terms of functions that are originally undetermined. The solution to 
these equations will give the resulting geometry, which is shaped by supersymmetry, hence 
serving to fully classify the theory's vacua. As an example, we repeat the analysis done on the 
supersymmetric solutions to minimal M = 1 d = 5 SUGRA, this time using these techniques. 



2.2.1 Null solutions to minimal d = 5 SUGRA 

In five dimensions, the minimal spinor used to construct the theory is a symplectic-Majorana 
(SM) spinoip^ The isomorphism outlined above is then to the complexified space of forms 
on M?, which we again denote by A = A*(M^ C). A basis of A is given by 

= {1,61,62,612} , (2.74) 

where 612 = ei A 62. The action of the Gamma matrices on A is represented by 

ji e = i{ei A e + Lei^) , 7i+2 e = -Ci A e + tg.e , (2-75) 

^'^Throughout this thesis we will be employing the notation that a symplectic-Majorana spinor is defined as 
a pair of Dirac spinors on which one imposes a reality condition. We say we have a single spinor since the spin 
structure group is Sp{l), in our notation. 
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where i = 1,2. The zeroth element of the Chfford algebra is given by 70 = 71234; its action 
on 1 and ei2 is given by the identity operator and on ei and 62 by minus the identity 



70 1 = 1 , 
70 ei2 = ei2 



70 ei = -ei 
70 62 = -62 



(2.76) 



and thus it squares to 1. 

A generic Dirac spinor can then be written as 



e = A 1 + /iiei + /i2e2 + creu , 



(2.77) 



where A, ni, ^2 and a are complex functions, representing the eight real degrees of freedom 
of an unconstrained complex spinor in five dimensions. One can see that imposing the reality 



condition (2.72) on e does not work, which was to be expected since there are no Majorana 
spinors in d = 5. Instead, we are lead to consider the symplectic-Majorana representation on 
a pair of Dirac spinors ei and 62- This is given by 



where B = — 70C = 
where the dimc(ei) 



-7034 (cf- appendix A. 2. 2). Thus, we can generically write £2 

= 2L5/2J 



(2.78) 



4. 



We now consider the null case, leaving the timelike one for section |2.2.2 Precisely, being 
in the null class implies that we need to fulfill that (see eq. ( A.65| )) which can be recast in 
terms of the following nullity condition [75] 



-B(ei,e2) = 5(ei, 703461*) 



(2.79) 



where the inner product is defined in ( |2.71 ). Since ei is a generic Dirac spinor, given by 
eq. (2.77), the condition then reads 



l/^2| + 







(2.80) 



We thus have seven real degrees of freedom, that make up the general null supersymmetric 
parameter. Furthermore, we can reduce the form of e by using the Spin{l, 4) gauge freedom of 
the theory. This will make the calculations for solving the KSE much simpler. In particular, 



one can show that starting from any spinor of the form eq. (2.77) which solves (2.80), by 



acting on it with Spin{l,4), one can generate the seven DOFs. We can then take, without 
loss of generality, e = 1 + ei . 



Alternatively, one can see eq. (2.80) as saying that there is a null complex 4- vector living on 

(2 2) 

' , whose inner product is invariant under U{2, 2). In this sense, any element in SU{2, 2) 

will respect the length of the vector, i.e. the nullity condition. We can use this in our search 



for a simpler form of a null e with the same generality as that of eq. (2.77). From an algebraic 
point of view, SU{2,2) ~ Spin{2,4) D 5pm(l,4). The 4v in the vector representation of 
SU{2,2) goes to a 4s in Spin{2,4), which amounts to a chiral spinor. This also corresponds 
to a 4s irrep in 5pm (1,4) [76], the minimal spinor in d = 5 being symplectic-Majorana. This 
implies that there is only one orbit of Spin{l,4:) on e, and hence starting from any element 



of the form (2.77), satisfying eq. (2.80), one can generate the most-general seven DOFs. 



Moreover, the solutions we are about to find preserve at least half of the original supersym- 
metry. We show this by using the operator 70 C*, which is invariant w.r.t. the supercovariant 
derivative eq. (2.9), i.e. 

loC*jf, = 7^70 C* , (2.81) 
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for // = 0,i, and where * is the complex conjugation operator, i.e. *ry = rj* *. We then see 
that if e = 1 + ei is a Kihing spinor, then so is 70 C * e = —62 + 612- 

In order to perform the calculation of the KSE, it is useful to cast the Gamma matrices 
in terms of a light-cone basis {Ta} 

1 1 

r+ = ^(70-73), r_ = — =(70 + 73) 

1 ^ 1 ^ (2.82) 

Ti = -^il2 - ^74) = V2i e2A , Tj = -^(72 + 274) = V2i , r2 = 71 . 

In terms of these coordinates, the metric is thus given by 

ds^ = 2e+ (g) e" - 2e^ O - (g) . (2.83) 

Imposing the KSE gives a linear system of equations, that can be solved to give a relation 
between the geometry (spin connection) and the field strength, i.e. 



(2.84) 



— — — -F+2 — , 

F-i = --^u;_,i2 , F-2 = -^a;__ij , Fn = -i\/3w_,+2 , -F12 = -iV2,L0i^+- , 

as well as the following restrictions on the spin connection components 

'^+,+- = "^+,+1 = '^+,+2 = = ^+,12 = = ^i,+i = 

= = Wi,+2 = '^1,12 = ^2,+l = ^2,+2 = ^2^11 = , (2.85) 

= 2w-,+2 = -2a;2,+_ = ^^1,12 , (2.86) 

ui^ii = -2a;_,+i = 2a;i,+_ = ^^2,12 , (2.87) 
and those related by complex conjugation. The 2-form is thus given by 

F = ^^-Jk e^'' e-Ae'- "^e^/' e' A e^ , (2.88) 

wher^^geij2 = 1- 

We now introduce the basis of vector fields {Oa} dual to that of 1-forms. In particular, 
we perform the following calculations considering the vector field = N = d^, which is 
normalised as tAr(e") = e"(0+) = (5° , and defines the direction of t>, a coordinate on the 
curved manifold. Consider now the following Lie derivatives of the Funfbein along A'^ 

'CAre+ = {uJa,+~ + w+ -a) e"" , 

Cnc- =uj+,+ae'' , (2.89) 
CNe' = -(a;„^+i + a;+j„)e'=' , 



^The constant q is used to tune the field strenghts in the two approaches. 
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for a = { + , i = {1, 1, 2} and 2 = 2, which imply 



(/:ive+) 
(£Are") 



= 
= 



{CNe~)i = , 



(2.90) 







Furthermore, one can use the residual gauge freedom (those spinorial transformations respect- 
ing the chosen representative for the spinor e = 1 + ei) to simplify some of these results. In 
particular (see e.g. [77, appendix B]), one can set 







This, along with eqs. (2.86) and (2.87), gives 



UJ- 



(2.91) 



(2.92) 



which implies that jCatb"^ = 0, and allows us to express de"" as 



de+ 
de~ 
de^ 



1 



e A e* + -{uJi-j - ujj-i) e* A e-^ , 



e A e* 



(2.93) 



We now focus on de , as it is hypersurface orthogonal {i.e. de A e =0), which we shall 
now use in the analysis of the problem. The Frobenius theorem allows us to recast e~ as 



fdu , 



(2.94) 



where / is a generic real function, which by the system of eqs. (2.90 ) we know it is independent 
of V, and where u is another (curved) coordinate. 



To continue with the analysis, we integrate C^e'^ = to obtain 

e+ = (if + a , 



(2.95) 



where a = Hdu + Wmdx"^ is a 1-form independent of v, and the normalisation condition 
e"*'(0_)-) = 1 has also been considered. The three remaining curved coordinates are given as 



/ e^dx 



(2.96) 



where the du terms have been eliminated by using again the residual gauge freedom of the 
theor}^^, and dv-tevms are prohibited by the condition e*(0+) = 0. Furthermore, C^e^ = 
implies that the are ^-independent, i.e. e\^ = e^(u, x"). 

Consider now other Lie derivatives on the Vielbein in terms of curved space coordinates. 
These establish relations that allow us to describe the field strength and its field equation. In 



^The induced effect on e+ can be eliminated by considering a redefined a function. 
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particular, the analysis of Cg_e"' and Cg^e'^ implies that 

duWm = iO--i + dmH , (2.97) 
d^f = 2oj,^+^el, (2.98) 
/-I el duf = duel + fel(u;_jj + _^) , (2.99) 

'[m ^n] ^i-i ' 

(2.101) 



{dw)mn = 2/-2 , a;,,_, , (2.100) 



where for the last equality we have used eqs. (2.86), (2.87). By using the defining antisym- 
metry of the spin connection, one can then show that the base-space is flat, in accordance 
with the bilinears' analysis above. Thus, the solutions belonging the null case have a metric 
given by 

ds^ = 2fdu {dv + Hdu + Wmdx"") - f'^h^ndx'^ dx" , (2.102) 
where hmn = e^e^ = eJ^Cm = <5mn- Furthermore, by making the gauge choice 



-ijj 



(2.103) 



and using e^{Qi) = = eme™, as well as eqs. (2.98) and (2.100), we have a field strength 



given by 



iq 



f'^du A *(3)C?u; 



j-v/3 ( 



2.104) 



2^/3 " ■ 2 
Choosing ei23 = 1/4, we arrive at the same result for the field strength as in section 2.1.1[ 

2.2.2 Timelike solutions to minimal d = 5 SUGRA 

We now focus in the class of timelike solutions. Because we are still in the minimal five- 



dimensional case, the first two paragraphs of section 2.2.1 still hold, which describe the 
spinorial structure of the theory. For this analysis, however, it will prove useful to follow [30j 
and cast the Gamma matrices in terms of a different basis {Fq, Fq, Fq}, where the 0-direction 
will be associated with physical time, and a = {l,2}, Q! = {1,2} 



Fo = 70 , 

The flat metric is thus given by 

ds^ = e° - e" - e" ® 



(2.105) 



(2.106) 



As in the previous analysis, we want to use the 5pin(l,4) symmetry of the theory to find a 
simple canonical form for the spinor. One can show that it can be reduced to e = / 1. The 
analysis of the KSE (2.9) with this spinor then gives the following set of equations 

^ _ 1 „ 1 
/ 



-inn ^ -I F ^^ 



1 



Op. 



a/3 



(2.107) 
(2.108) 
(2.109) 
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^ - + ^Fo« = 0, (2.110) 

-^a,o0 + V3F^0 + ^F,''€ = 0, (2.111) 
-a;a,/ipe^^ - ^FO^e«^ = 0, (2.112) 



9a/ 1 a 1 
1 

wa./ipe'^^ = 0. (2.115) 



- o'^a,/ + :r^i^Oa = 0, (2.113) 
^a,0^-^^a^ = 0, (2.114) 



Their analysis gives 



a/3 

Foa = ^WO,Oa , (2.116) 

F^^ = V3coo,a0 , (2.117) 

Fa0 = ^Ko^+'^/.,o^'J«;3) , (2.118) 

as well as the following restrictions on the spin connection components 

Wa,0/3 = (^0,0^ , (2.119) 

^a,OP = -^0,Oa ' (2-120) 

Wm,o^ = '^o,/ , (2.121) 

{Oof)/f = 0, (2.122) 

^/i,/ia = —i^a,iJ.p = 2^0,0a , (2.123) 

Wa,/37 = , (2.124) 

along with their complex conjugates. Furthermore, 

oJofia = -2^ (2.125) 

As before, we use the conditions just found to analyse the geometry of the problem. We 

introduce curved-space coordinates {t, x"*}, where m = (1,2,3,4), and express the Fiinfbein 
in terms of them 

e° = g{dt + Wrndx"^) , = ^-^^ ^^m ^ ^ ^-1/2 ^^m ^ (2.126) 

where ^ is a generic function. The canonically-dual vector fields are given by 

eo = dt, ea = -g'/^ WmdtW^^ e^dm , ea = -g''' w^dt+g^l^ e^idra , (2.127) 
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and consequently e!; 



0,65^6-^ = 5^. As expressed in [7S], supersymmetric 



solutions to SUGRA theories will always have a Killing vector field, which we can use to 
simplify the problem. This was for example implicitly used in section 2.1.2 above, when 
the coordinate t was chosen along the flow of Killing vector V, which guarantees that the 
fields contained in the metric are all i-independent. Similarly, we can consider the vector 
y = Go = P dt. Because of eqs. (2.122) and (2.125), V is Killing; we then choose 
g = P so that the function g, the 1-form w = Wm dx™' and the four-dimensional base-space 
(B) metric 



hmn dx^ ® dx^ 



(2.128) 



-(tJO,aa - Wa,ao)e" , (2.129) 



where = g^/"^ e" and hmn = ^Zi^n + ^m^n — ^m^an + e^ea„, are all time- independent 
Consider now the Lie derivative of the Fiinfbein along 

for a = (0, a, a). The first implies that 
The two last read 



2.130) 



(£eoe")o = , 

(^eo^")/? = — (wo,a/3 — ^l3,ao) 



(Aoe")o = , 







(2.131) 







UJ 



I3,a0) 



where we have used the eq. (2.119). Furthermore, time-independence of g and hmn imply 
that 

Also, as in the null case analysis above, study the remaining Lie derivatives w.r.t. curved 
coordinates. Among others, one obtains the following results 



dg 



-9{^o,Oa + t^o,Oa e°) 



(2.133) 



gdw = uo^a/s e° A 6^ + Wq^^^ A 6^ + wo,a/3 6" A 6^ + a;o,a^ e" A . (2.134) 
Notice that, by construction, eq. (2.133) and the choice oi g = /■^ is consistent with eq. (2.125). 

Construct now three complex structures ,P {i = 1,2,3) on B, which give rise to the 
following antiself-dua ^'^ Kahler 2-forms, 

(2.135) 
(2.136) 

(2.137) 

These J* fulfill the algebra of imaginary unit quaternions, and the important thing to notice 

(2.138) 





= e^Ae^ 


+ 6^ A 6^ 




= -i(e^ 


A 6^ + 6^ 




= -i(e' 


Ae^-gl 



is that, by means of eqs. (2.123 )-(2. 125 ), one can show that 

dK' = . 



^W.r.t. the beise-space B, where we have adopted the convention that £1122 = 1- 
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As commented in appendix [B| this implies that S is a hyper-Kahler manifold. 

We are left with the analysis of the field equations. Due to the KSIs, we only need to 
demand the fulfilling of the Maxwell equations, as the rest are automatically satisfied. In 
particular, the field strength is given by 

77 — ^ , , cO A c° _l_ ^ , , ^0 A ^ , , A _1_ , , - A 

1' — — CJo.Oa e A e + — LdOfla 6 A 6 + — Wo,^/? 6 A 6^ + — Wq^^^ 6 A 6*^ 



+ - 



1 



We now use eqs. ( |2.132 ), (2.133) and (2.134) to simplify this expression into 

V3 



1 



",0/3 



+ WA/Me"Ae^. (2.139) 



F 



\/3 1 
^'-{dt + w) Adg+ —gdw - -^G^ 



where we have defined a 5-self-dual 2-form G+ (cf. eq. (2.48)) as 

G+ = wo.a^ A + u;o,ap A e'' + UJo,^,'' e° A e° 



(2.140) 



(2.141) 



I.e. 



(2.142) 



This is the same field strength we found in section 2.1.2 and thus the same field equations 
apply. 

Having detailed the two approaches to classifying solutions to Killing Spinor equations, 
and how to use them in order to obtain supersymmetric solutions to supergravity theories, 
we are ready to consider fakeSupergravity. 



Chapter 3 



AT = 2 = 4 gauged fakeSUGRA 
coupled to non-Abelian vectors 



In this chapter we present the classification of solutions to = 2 d = 4 fakeSupergravity 
coupled to non-Abelian vector multiplets, otherwise also referred to as Wick-rotated J\f = 2 
d = A Supergravity, where we allow for gaugings of the isometries of the scalar manifolcQ 



This is because, as explained in section 1.2, this theory can be obtained from gauged N = 2 
d = A SUGRA coupled to non-Abelian vector multiplets by means of a Wick rotation. In this 
sense, since we are allowing for non-Abelian couplings, it is not the coupling constant that is 
rotated, but rather the Fayet-Iliopoulos term responsible for gauging the M-symmetry. 



The outline of this chapter is the following: in section 3.1 we set up the fake-Killing spinors 
equations that we are going to solve. We see that, as we are Wick rotating the FI term, the 
relations between the equations of motion one can derive from the integrability equation are 
similar to the ones obtained in the usual supersymmetric case, and hence the implications as 
far as the checking of equations of motion are identical. This was to be expected since we 
are not changing the characteristics of the Killing spinors. Some information about Special 
Geometry and the gauging of isometries in special geometries, needed to understand the 



set-up, is given in appendix (B.2). 

As in the classification of supersymmetric solutions, we split the problem into two different 
cases, depending on the norm of the vector one constructs as a bilinear of the fake-Killing 



spinors; the timelike case, i.e. when the norm does not vanish, shall be treated in section 3.2 
In section [STS] we will have a go at the null case, i.e. when the norm of the vector vanishes 
identically. In that section, we will be ignoring the possible non-Abelian couplings and hence 
we shall not obtain a complete characterisation; instead we will find that the solutions have 
holonomy group contained in 5im(2), and we shall discuss the general features of such a 
solution. This will be illustrated by two examples, namely the Nariai cosmos in the minimal 



theory in section 3.3.1, and a general class of solutions with holomorphic scalars that can 



be seen as a back-reacted intersection of a cosmic string with a Nariai/ Robinson-Bertotti 



solution, in section 3.3.2 



The reader might feel that the generic theories that can be treated in our setting are rather 
cryptic, as their connection with supergravity theories or Einstein- Yang-Mills-A theories can 
be considered weak. However, it is well known that there are choices for the FI terms in gauged 
J\f = 2 d = A SUGRA for which this equals the bosonic part of an ungauged supergravity 



^For gauging in A/" = 2 SUGRA, see e.g. appendix B.2 or for a complete review. 
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|79j . This means that for such choices, our fake-supersymmetric solutions are nothing more 
than non-BPS solutions to an ordinary ungauged supergravity. The easiest model in which 
one can see this happening is the model which can be obtained by dimensionally-reducing 
minimal J\f = 1 d = 5 Supergravity, and we shall discuss some simple solutions to this 
model in section 3.4 as well as their uplift to five dimensions. Finally, in section 3.5, we 



shall give our conclusions and a small outlook for related work in higher dimensions. The 



tensorial conventions are presented in appendix A. 1.1, and the spinorial ones in appendix 



A. 2. 11 Furthermore, the interested reader will find information about the normalisation of 



the bilinears and the curvatures for the null case in appendices A. 3.1 and C.l, respectively. 



3.1 Fake Af = 2 Einstein- Yang-Mills 

The bosonic field content of = 2 d = 4 Supergravity coupled to n„ vector multiplets consists 
of the graviton, (7^,^, n = n^, + 1 vector fields A^ (where A = 0, . . . , n^) and complex scalar 
fields (for i = l,...,ny). The self-interaction of the scalars and their interaction with 
the vector fields can be derived from a geometric structure called Special Geometry, of which 
more is given in appendix |B.2 



As commented above, the scenario we want to consider can be obtained from ordinary 
M = 2 d = 4: gauged SUGRA coupled to vector multiples (but not to hyper-multiplets) by 
Wick rotating the Fayet-Iliopoulos ternij^ In other words, we Wick rotate the constant tri- 
holomorphic map — t- iCA^f , where Ca are real and constant. In usual supersymmetric 
studies the FI term gauges a U{1) in the hyper-multiplets' SU{2), and the effect of the Wick 
rotation is that we are gauging instead an M-symmetry through the effective connection Ca^^ 



The presence of a FI term is compatible with the gauging of non-Abelian isometries of the 
scalar manifold, so long as the action of the gauge group commutes with the FI term (see e.g. 
|29j ) . Taking the gauge algebra to have structure constants /ae^j this then implies that we 
must impose the constraint /ae^Cq = 0. One result of the introduction of the Ca constants 
is that the dimension of the possible non-Abelian gauge algebra is not n = + 1, but rather 
riy, as 1 vector field is already used as the connection for the M-symmetry. 

The gauging of isometries implies that the field strengths of the physical fields are given 

by 

DZ' = dZ' + gA^ KX , = dA^ + | /sr^ A^ ^ A^ , (3.1) 

where is the holomorphic part of the Killing vector Ka (see appendix B.2.2 for the minimal 
information needed, or |29l |80] for a fuller account). One implication of the above definition 
is that C^F^ = d [Ca^^] , so that the linear combination Ca^"^ is indeed an Abelian vector 
field. 

As mentioned, we are introducing an M-connection on top of the existent Kahler/ U{1)- 
symmetry due to the vector coupling. This means that we should define the covariant deriva- 
tive on the fakeKilling spinors a^ 

Oae/ = V^e/ + '^Qaei + % A^ [Pa + ^Ca] e/ 

= Y)aei - I CAA^ei , (3.2) 



■^See appendix (B.3.21 for more information about FI terms and their Wick rotation. 

''in the notation that we will follow throughout this chapter, D will be the total connection, whereas we 
will reserve D for the connection without the R-part and D for the Kahler-connection, i.e. the connection 
appearing in ungauged supergravity. 
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where Pa is the momentum map corresponding to an isometry of the special geometry. 
Using the above definitions we can write the fake KiUing spinor equations as 



^ J 



i^Z^ €i 



(3.3) 
(3.4) 

(3.5) 
(3.6) 



where for clarity we have given also the rules for DaC^ and ^Z^ej even though they can be 
obtained by complex conjugation from the other two rules. Furthermore, we have introduced 
the abbreviation 

= -i f A [p^ + ^Ca] , W = ¥ , (3.7) 

and we have used the standard M = 2 d = 4 SUGRA definitions 1 29 1 



2i£A 



(3.8) 



The integrability conditions for the above system of equations can easily be calculated 
and give rise to 



C 

Cab 7 e/ 



-2i 



Mm 



(3.9) 



where we defined not only the Bianchi identity as -kB^ = DF^ (= 0), but also the following 
equations, where £ab is the Einstein equation, B\ the Maxwell equation and V the potential 
of the theory 

Sab = Rab + 2%D(,Z^D,)# + A\ra{M)j,j,[F^,F^'^ - Ir^abFtdF'""'] " V , (3.10) 



^Ba = D [ AAas F^- + AAas F^+] - I Re (ka^ * DZ') = DFa - f Re (ka^ * ^Z 



91 
2 



(3.11) 
(3.12) 



3CaCs/:^/: + ft (P + ^c)a (p + ic)^ . 

This potential is not real, and imposing it to be so implies that we must satisfy the constraint 

= Im(AA)"^l^^ Pa Cs , (3.13) 

which is a gauge-invariant statement. Furthermore, for our choice of non-Abelian gaugings 
compatible with the FI term, this constraint is satisfied identically; contracting the last equa- 



tion in eq. ffi.102^ with fl^ and using identities (^B.75p and ©.97^ one obtains the identity 



Im(AA)-i|^^ Ps 



4. C^t" hn^ , 



(3.14) 



which upon contracting with Ca gives the desired result. Therefore the potential V reads 
V 



91 
2 
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3|ca/:^|' + /^f^( PaPs - CaCe) 

4|Ca/:^|' + ilm(AA)-i|^^(CACs - PaPe) 



(3.15) 
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which is similar to the supersymmetric result in [29] , upon Wick rotating the Fayet-Iliopoulos 
term. Likewise, the above equations of motion can be obtained from the action 



^ R + 2g,jBaZ'D-Z' + 2Im (AA)^^ F^.F^'^' - 2Re (AA)^^ F^, * F^^^ - V 



(3.16) 



which as stated in the introduction has correctly normalised kinetic terms, and Im(A/') is a 
negative definite matrix. 

In SUGRA the integrability condition for the scalars relates the scalar equation of motion 
(EOM) with the Maxwell EOM, and the same happens here. A straightforward calculation 
results in 



-2i f 



iA 



(3.17) 



where we have introduced the equation of motion for the scalars as 

= UZ^ - idWA^F^b^F^+ + id'NAj^F^^-F^- + ^d'Y . (3.18) 



It is thus clear that the integrability conditions for equations (3.3-3.6) give relations between 



the EOMs. These, modulo the changes in the form of the tensors, are exactly the same as 



found in regular Supersymmetry, which was to be expected. The implication of relations (3.9 ) 



and (3.17) is then also the same as in SUSY [Il[5l], namely that the independent number of 



equations of motion one has to check in order to be sure that a given solution to eqs. ( 3.3 - 3.6 ) 
is also a solution to the equations of motion is greatly reducecQ The minimal set of equations 
of motion one has to check depends on the norm of the vector bilinear Va = ie^Tafi/- 

In the timelike case we only need to solve the timelike direction of the Bianchi identity, 
i.e. iv -k B^ = 0, and the Maxwell (Yang-Mills) equations. This case will be considered in 
section 3.2 If the norm of the bilinear is null, i.e. VaV"" = 0, then a convenient set of EOMs 
IS given by N'^N'^Sab = , A^^^Aa = and N'^'B^ = , where is a vector normalised by 
V^Nn = 1 . This case will be considered in section 13.3 



3.2 Analysis of the timelike case 

In this section we consider the timelike case and the strategy is the usual one employed 
in the characterisation of supersymmetric solutions. We analyse the differential constraints 
(coming from the fKSEs) on the bilinears constructed from the spinors ej, which are defined 



in appendix A.3.1[ We try try to solve these constraints generically in as little unknowns as 



possible. After they have been solved, we shall, following the comments made above, impose 
the Bianchi identity and the gauge field EOMs, to study the conditions that they generate. 
We shall then be left with a minimal set of functions, structures and conditions they have 
to satisfy in order to obtain fake-supersymmetric solutions; the resulting algorithm will be 
outlined in section [3.2.11 



Let us start by discussing the differential constraints on the bilinears. Using eq. (3.3) and 



''As we are using the same conventions as [ST] , we can copy the arguments there as they stand. 
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the definitions of the bilinears in appendix (A. 3.1), we can calculate 
BX 



(3.19) 



(3.20) 



= |CA7^^ V ^V'■' + |CaX^ * [y a y^] , (3.21) 

where, following [81], we have introduced the real symplectic sections of Kahler weight zero, 
n = Re(V/X) , X = Im(V/X) = (7^|X) , (3.22) 



21X1 



where V and the symplectic inner product (— |— ) are explained in appendix B.2 As in the 



ungauged theory, the 2n real functions X play a fundamental role in the construction of BPS 
solutions and the 2n real functions TZ depend on X. Given a Special Geometric model, finding 
the explicit X-dependence of IZ is known as the stabilisation equation, and solutions are known 
for different models. 

A difference of this analysis w.r.t. the usual supersymmetric case lies in the character of 
the bilinear V . In such a case it is always a Killing vector, whereas this is not true here, as can 



be seen from eq. (3.20). We can of course still use it to introduce a timelike coordinate r by 



choosing an adapted coordinate system through V = V^da = V^dr, but now the components 
of the metric will depend explicitly on r, as was to be expected for instance from [22]. 

As the contain information about the metric on the base-space, it is important to 
deduce its behaviour under translations along V; we calculate 

gCMvA^ + 2g\X\'^CfJZ^ . 



,yv-- = lydV^ + d{ivV) 
This implies that by choosing the gauge-fixing 

ivA^ = - 



2|x|2 



(3.23) 



(3.24) 



we find that £vV^ = 0. As a matter of fact, the above gauge-fixing is the actual result one 
obtains when considering timelike supersymmetric solutions in A/" = 2 d = 4 Supergravity 
theories [STllHOj. 

The above result has some interesting implications, the first of which is derived by con- 
tracting eq. Km with VV'', namely 

1 



(Vy7^ \x) + {n\ VyX) = 



2|a:|2 

We can rewrite the above equation to a simpler form by observing that 



{V/X\d{V/X)) 
which implie^that 







X-^ (V I S)V) - X--'T)X (V I V) 
{TZ\dTZ) - {X\dX) + i{n\dX) + i{X\dTZ) 



{dn I X) 
{n I dn) 



{TZ I dX) , 
{X I dX) . 



(3.25) 



(3.26) 

(3.27) 
(3.28) 



^These expressions were derived in [82] starting from a prepotential and using the homogeneity of the 
symplectic section TZ. The derivation presented here is far less involved, and also holds in situations where no 
prepotential exists. 
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If we then introduce the real symplectic section = (0, Ca), we can rewrite eq. (3.25) in the 
simple and suggestive form 

= (7^| VyX + fC) • (3.29) 



The above equation could also have been obtained from the contraction of eq. (3.19) with V, 
i.e. 



= Dv^ = -5(^|c) + igm , 
and taking its real part. By taking the imaginary part and using the identity 



Im 



1 1 

= D— 
X X 



-2{I\DI) , 



we also find that we must have 



(X| VyX + fC) . 



(3.30) 



(3.31) 



(3.32) 



These equations suggest that the derivative of the symplectic section I in the direction 
V is constant. We can confirm this by considering eqs. (3.5) and (3.6). The contraction of 
eq. (3.5) with e^'^a^Ki reads 



2X DZ' = 4 ivG'+ 
which upon contraction with V leads to 

DyZ* = -2XW* . 



V 



(3.33) 



(3.34) 



Using the gauge-fixing condition (3.24), the identity /^*Pa = and the fact that for our 

choice of possible non-Abelian gauge groups we have C^K\ = (cf. eq. ( |B.10l[ )), the above 
equation gets converted to 

VvZ' = -gXf^'CA . (3.35) 



Using the Special Geometry identity {Ui \ Uj) = i Qij , we can rewrite the above equation to 

{VvI + gC\Uj) = i{Vv'R-\Uj) , (3.36) 

which can be manipulated by using Special Geometry properties and a renewed call to 
eq. (3.34), giving 



(VvX + f C I Uj) = . 



(3.37) 



The above equation, plus eqs. (3.29) and (3.32), together with the completeness relation from 
Special Geometry eq. (B.70), implies then 



.9 n 
2 ^ ' 



(3.38) 



which implies that the r-dependence of the functions X is actually at most linear; in fact it 
is so only for the Xa, as the X^ are r-independent. 

At this point it is necessary to introduce a complete coordinate system (r, y™), which we 



shall take to be adapted to V and compatible with the Fierz identities in appendix A. 3.1 

-- V2dr , 



V = 2yj2\X\^{dT + w) 



(3.39) 
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where w = Umdy"^ is a (possibly r-dependent) 1-form and we have introduced y^™- by 
V^^Vm = ^^^] as the act as a Dreibein on a Riemannian space, the x-indices can be 
raised and lowered with (5^^, so that we shall not be distinguishing between co- and con- 
travariant x-indices. 



Putting the Vierbein together with the Fierz identity (A.60), we find that the metric takes 
on the conforma-stationary form 



2\X\^{dT + uj) 



hmndy'^dy'^ 



(3.40) 



where h, 



mn — ym^n is the metric on the three-dimensional base-space. 
W.r.t. our choice of coordinates we have that £yV^ = implies drV^ = 0. The are 



of course also constrained by eq. (3.21 ), which in the chosen coordinate system and using the 
decomposition 



A' 



i7^^ V + A^ dy'- 



Id [n^v] + F^ 



(3.41) 



reads 



dV 



gCAA^AV" + f caX^ e'^y' vy A V 



4— - (3-42) 

For consistency we must have C^drA^ = 0. Furthermore, we can use the residual gauge 
freedom Ca^'^ — > C^A^ + d(j){y) , — ^ e34>Y^ to take CaX^ to be constant, a possibility we 
will however not use. At last, the integrability condition d'^V^ = implies 







where we have introduced 



VrVy'^FL and 



I = dmT + gCAAt T + gA^ SaT , 



(3.43) 



(3.44) 



The system leading to (3.42) was analysed by Gauduchon and Tod in [H3], in the study of 



four-dimensional hyper-hermitian Riemannian metrics admitting a tri-holomorphic conformal 
Killing vector. They observed that the geometry of the base-space belongs to a subclass of 
three-dimensional Einstein- Weyl spaces, called hyper-CR or (subsequently) Gauduchon- Tod 
space^ The additional constraint demanded on the EW spaces is nothing more than the 
integrability condition (3.43), which is called the generalised Abelian monopole equation. We 
shall see below that the equation determining the seed function will be a generalised 
non- Abelian monopole equation, i.e. the straightforward generalisation of the standard Bo- 
gomol'nyi equation on M'^ to GT spaces. 

In [28], Behrndt and Cvetic realised that their five-dimensional cosmological solutions 
could be dimensionally reduced to four-dimensional ones, which raises the question of whether/ 
which of the solutions found by Grover et al. in [30j can be reduced to solutions that we are 
classifying. In such a case, we would be deadling with a map between the five-dimensional 
timelike case and the four-dimensional timelike case, and thus the dimensional reduction has 
to be over the four-dimensional base-space, which was found to be hyperKahler-torsion [30j. 
The key to identifying the subclass of five-dimensional solutions that can be reduced to ours 
then lies in a further result of Gauduchon and Tod (see |83| remark 2]), which states that 



See appendix D.l for some technical information about these geometries. 
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solutions to eqs. (3.42) and (3.43) are obtained by reduction of a conformal hyper-Kahler 



space along a tri-holomorphic Killing vector. In fact, as discussed in |30t sec. 3.2], this kind of 
spaces are particular instances of HKT spaces, which thus allows for the reduction. In fact, 
this inheritance of geometrical structures also ocurrs in ordinary supergravity theories in six, 
five and four dimensions [84j, and it is reasonable to suppose that this also holds for fake/ 
Wick-rotated supergravities. As a final comment, let us mention that the three-dimensional 
Killing spinor equation on a GT manifold allows non-trivial solutions |85l [86] . 

Before turning to the equations of motion, we deduce the following equation for w from 



the antisymmetrised version of eq. (3.20) and the explicit coordinate expression in (3.39). As 



can be seen, this calculation needs the explicit form for the 2-form T , which can be obtained 



from eq. (3.19) and the rule that a general imaginary self-dual 2-form is determined by 



its contraction with V by means of (see |87j for more detail) 



B- 



1 



The result thus reads 



du + gCAA^ A {dT + uj) = V2i<[VA (X|DX)] . 
Contracting the above equation with V we find that 

£vuj = gV2CAA^ — > uj = qCkA'^ t + w , 



(3.45) 

(3.46) 
(3.47) 



where w = Wmdy"^ is r-independent. Substituting the above result into eq. (3.46) and 
evaluating its R.H.S. we obtain 



d-cu + gC^A^ Aw + gC^F^ r 



(3.48) 



If now take the r-derivative of this equation, we shall find again eq. (3.43). The equation 

(3.49) 



determining w is then found by splitting up the r-dependent part; it reads 

Bw = ^ £^2^^ {i I D^.x - w^dri) yy AV\ 



where we have introduced 1 = 1 (at r = 0). 

The symplectic field strength F^ = {F^,Fa) can then easily be deduced to give the 
standard supersymmetric result 



F = D (7^ y) - i ★ [y A DX] 
= -^D(7^y) 



V2 



8 e""^^ 



yy AV 



(3.50) 



which agrees completely with the imposed gauge- fixing ( |3.24 ). 

At this point we shall treat the Bianchi identity DF^ = as in [80) . namely as leading 
to a Bogomol'nyi equation determining the pair (A^,I^). Since we were given the gauge 



potential in eq. (3.41), the Bianchi identity is solved identically, and thus does not imply 



further contraints. Nevertheless one needs to make sure that such potential leads to a field 



strength with the form prescribed by fakeSupersymmetry in eq. (3.50). If we impose that, we 
obtain 



1 



xy 



V2 



.xyz 1 



(3.51) 
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which due to eq. (3.38) it is manifestly r-independent. This is the equation which we re- 
ferred to above as the generahsation of the standard Bogomol'nyi equation on to a three- 
dimensional Gauduchon-Tod space. One can see that, upon contraction with Ca, the above 



equation implies the constraint (3.43). 



We would now like to show that the timelike solutions (to the fKSEs) we have just char- 
acterised are indeed solutions to the EOMs. For this we need to impose the Yang- Mills 



equations, eq. (3.11). This equation consists of two parts, namely one in the time-direction, 
i.e. B\, and one in the space-like directions, B^. A tedious but straightforward calcula- 



tion shows that Bj^ = identically, in full concordance with the discussion in section 3.1 



The EOMs in the x-direction, however, do not vanish identically. Instead, they impose the 
condition 

. - io.drYlA = ^ /A(n^/A)r''2:^2:^ Xe - 4 /ac^X^^Xe CrXr , (3.52) 
which in the limit C — t- {i.e. fSUSY — )• SUSY) coincides with the result obtained in [80j. A 



simplification on the above equation can be performed by employing eqs. (3.44) and (3.47), 
which implies that 

dr (^B^Xa - UJmdr'lA^ = OrdmlA = . (3.53) 



Using this and the fact that Xa is linear in r, we can thus rewrite eq. (3.52) as 

driA 

which is a r-independent equation 



J^Xa 



(3.54) 



3.2.1 Summary and further comments 

Before making some general comments on the behaviour of the solutions, we describe how 
to construct solutions using the results obtained in the foregoing section. The first step is to 
decide which model to consider, i.e. one has to specify what special geometric manifold to 
consider, what non-Abelian groups to gauge, and furthermore the constants Ca. Given this 
model, one must then decide what GT space will be describing the geometry of the three- 
dimensional base-space; this is equivalent to finding the triplet {V^ ,CaA\CaI^) that solves 
eq. (3.42). This allows in principle to solve the Bogomol'nyi equation (3.51), giving {A^,I^). 

The next step is to determine the r-independent part of the seed functions Xa using 
equation (3.54). As this equation contains not only the Xa but also ro, one is forced to 
determine both objects, and to make sure that eq. (3.49) is satisfied. After this, the only 
steps left include to determine the field strengths by means of eq. (3.50), and writing down 
the physical scalars = D j and the metric by determining the stationarity 1-form uj 
through eq. (3.47) and the metrical factor |Xp through eq. (3.22). As usual, the explicit 



construction of the last fields goes through solving the stabilisation equation, which determines 
the symplectic section TZ in terms of the seed functions X. For many models, solutions to this 
are known. 



However, the Bogomol'nyi equation eq. (3.51) is not easy to solve. Since we only know 
explicit solutions to the Bogomol'nyi equation on |^ this means that for the moment 



^The r-dependence is fixed by eq. (3.381. 

* Observe that this is purely a non-Abelian restriction, as GT metrics (solutions to the generalised Abelian 
monopole equation) are known, see e.g. [881 189] . 
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the only non-trivial non-Abelian solution backgrounds we can build are the ones that follow 
from the supersymmetric ones, satisfying C^I^ = 0, by using the substitution rule I\ — )■ 
1a - gCAT/{2V2). This implies that CaA^ is gauge trivial, and thus the base-space is still 
M'^. This being so, the equations determining the r-independent part of the I, i.e. eqs. (3.51 ) 
and (3.54), reduce to the ones for M = 2 E-YM deduced in [SCT; indeed the only difference 



lies in the divergence of w occurring in eq. (3.54), and in the 
to choosing it to vanish from the onset. 



-case there is no obstruction 



The construction of fake-supersymmetric solutions then boils down to the substitution 
principle put forward by Behrndt and Cvetic in |28j: given a supersymmetric solution to 
AT = 2 d = 4 E-YM Supergravity, Abelian [37] or non-Abelian [80^ I90j . substitute Xa — >■ 
2a — g^hT / {2\/2) and impose the restriction C\I^ = 0. As explained before, when dealing 
with non-Abelian gauge groups not all choices for Ca are possible, and one must respect the 
constraint /as'^Cf = 0. 

The first observation is that generically the asymptotic form of the solution is not De 
Sitter but rather Kasner, i.e. the r-expansion of the base-space is power-like, making the 
definition of asymptotic mass even more cumbersome than in the De Sitter cas^ The second 
observation is that the metric has a curvature singularity at those events/ points for which 
= 0, which may be located outside our chosen coordinate system. This raises the 
question of horizons, or, in other words, how to decide in a practical manner when does our 
solution describe a black hole. Observe that in the original solution for one single black hole 
of Kastor and Traschen, this question is readily resolved by changing coordinates to obtain 
the time-independent spherically symmetric extreme RNdS black hole, for which the criteria 
to have an horizon is known: the existence of a black hole in the original coordinate system 
can be expressed in terms of the existence of a Killing horizon for a timelike Killing vector, 
which covers the singularity. It is interesting to note that generically there is no such timelike 
Killing vector in this case. 

To see it, consider for instance the CP -model. This model only has one complex scalar 
field Z living on the coset space SL{2;M.)/ S0{2) and an associated Kahler potential = 
1 - so that we have the constraint < |Zp < 1. Making the choice Ca = (—2,0), the 
potential can be readily calculated to be 

V = [1 + 2 e'^] , (3.55) 

which is manifestly positive. Imposing X*^ = in order to have M'^ as the base-space, and 
Xi = in order to have a static solution, i.e. uj = 0, the EOMs imply that a simple solution 
is given by 

= ^ , X' = V2 9\ ^ = - ' (3.56) 

where A is a real constant. If A = the above solution leads to dS/i, whereas if A 7^ we can 
introduce a new coordinate t through r = A cosh [gt), such that the solution is given by 

ds^ = df - sinh^ (gt) dxfr^^ , (3.57) 
Z = -i cosh-^ (gt) . (3.58) 



As a side note, note that the resulting Kasner spaces have a timelike conformal isometry of the kind used 
in [5T] to define a conformal energy. 
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This says that at late times the metric is dS^, but it is singular when t = 0; at that point 
in time also the scalar becomes problematic, as |Z (i = 0)p = 1, violating the bound, which 
in its turn implies that the contribution of the scalars to the energy-momentum tensor blows 
up. It is paramount that in this case no timelike Killing vector exists. Had we on the other 
hand taken = ^/2gpr~^, for which a timelike Killing vector does exist, the metric can be 
transformed to the static form 

ds"^ = 2-±iL^2^LiL dt'i _ (^2+p2)(p2+^2_g2^4/4) dR"^ - R^dS"^ . (3.59) 

This metric has one Killing horizon, identified with the cosmological horizon for i? > 0, and 
has therefore a naked singularity located at i? = 0. In the static coordinates the scalar field 
reads Z = —ip [p^ + which explicitly breaks the bound < |Zp < 1 at i? = 0, 

showing again the link between the regularity of the metric and that of the scalars. 

In view of all this, it would be very desirable to have at hand a manageable prescription 
for deciding when a solution describes a black hole. In this respect, we would like to mention 
the isolated horizon formalism (see e.g. |92j). which attempts to give a local definition of 
horizons, without a reference to the existence of timelike Killing vectors. This formalism was 
applied in the context of SUGRA in |93| IM] , and similar work for fake SUGRAs might prove 
of interest. 



3.3 Analysis of the null case 



In this section we characterise the fake-supersymmetric solutions in the null case, i.e. when 
V"^ = 0. For simplicity we shall restrict ourselves to theories with no YM-type couplings; 
a full analysis is possible [80], but likely to not be very rewarding. As in the timelike case, 
the difference with the supersymmetric case lies in the fact that the vector-bilinear is not a 
Killing vector. Furthermore, introducing an adapted coordinate v through L = L"'da = dy, 
one can see that the metric will be explicitly f -dependent, unlike in the supersymmetric case. 
The aim of this section is then to determine this f -dependence, and to give two minimal and 
simple (albeit generic) solutions, that illustrate the changes generated by the M-gauging. 

In the null case the norm of the vector V vanishes, whence X = 0. This means that the 
two spinors e/ are parallel, and following |8H [80 ] we shall put e/ = </>/ e, for some functions 
(/>/ and the independent spinor e. The decomposition of follows from its definition as 
= (e/)*, which then implies that = (p^e*, where we have defined cf)^ = (pj. Furthermore, 
we can without loss of generality normalise the functions such that <j)i(l)^ = 1. Having taken 
into account this normalisation, one can write down the following completeness relation for 
the /-indices 

J + eiK^^ e^^^L , (3.60) 

K 



A/ 



which is such that Aj'^cpj 
A/ 



£ik4> ■ Moreover, one can see that A/-' 



Projecting the fKSEs (3.3)-(3.6) onto the functions we obtain 










i0Z^ e* 



(3.61) 
(3.62) 
(3.63) 
(3.64) 



46 



CHAPTER 3. N = 2 D = A GAUGED FAKESUGRA 



We shall now introduce an auxiliary spinor rj, normalised hy erj = = —rje. This spinorial 
field allows us to introduce four new null vectors 

La = ie-fae* , Na = vq-farf , 

Ma = irjjae* , Ma = iejaV* , 

where L and N are real vectors and by construction M* = M, whence the notation. Observe 



that eq. (A. 58) implies that the vector L is nothing but V, but where it has been denoted 
by L(ightlike), as we are now in the null case. Given the above definitions, it is a tedious yet 
straightforward calculation to show that they form an ordinary normalised null tetrad, i.e. 
the only non-vanishing contractions are 

L'^Na = I = -M^Ma , (3.66) 

which implies that 

r]ab = 2L(,iVf,) - 2M(„Mb) . (3.67) 
Apart from these vectors, one can also define imaginary self-dual 2-forms analogous to the 



ones defined in eq. (A.59), by 



Kb = ^^abe , $1 = L A M , 

Kb = ^labV , $2^^[LAA^ + MAM], (3.68) 

Kb = ^^abV , = -\/2 NAM , 

where the identification on the RHS follows from the Fierz identities. 

The introduction of the above auxiliary spinorial field is not unique, and one still has the 
freedom to rotate e and 77 by e — t- e*^e and rj — t- e~*^r/. This does not affect L nor A^, but 
it does produce M — t- e~^*^M and M — )• e^*^M, which we shall use it to get rid of a phase 
factor when introducing a coordinate expression for the tetrad. A second freedom is the shift 
r] ^ ri + 5 €, with 5 a complex function. This shift does not affect the normalisation condition, 
but on the vectors it generates 

L^L, M^M + 5L, N ^ N + \5\'^ L + 6M + 6M , (3.69) 

and can also be used to restrict the coordinate expressions of the tetrad. 



The first step is introducing a coordinate v through = L°'da = d^, and using eq. (3.61) 
to derive 

VaLb = gCAA^Lb . (3.70) 

This equation says that L is a recurrent null vector. Having such a vector field is the defin- 
ing property of a space with holonomy Sim(d — 2) (see [HS] for more information) and the 
combination gC^A^ is called the recurrence 1-form. Antisymmetrising this expression we see 
that dL = gCAA^ A L, which implies not only CaF^ A L = , but also L AdL = 0. This last 
result states that the vector L is hyper-surface orthogonal, which implies the local existence 
of functions Y and u such that L = Ydu. Seeing that L is charged under the M-symmetry, 
we can always gauge-transform the function Y away, arriving at 



L = du , 



(3.71) 
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whence also that Ca^^ = T L , for some function T. We can write eq. (3.70) as 
VaLh = gT LaLb , which immediately imphes V^^L = , 



(3.72) 



so that L is a geodesic null vector. Given this information and the normalisation of the tetrad, 
we can choose coordinates u, v, z and z such that 



L 

N 
M 

M 



du , 

dv + Hdu + wdz + wdz 
e^dz , 

e^dz , 



L' 

2ie ] 



du 



Hdv , 
(ds - wdy) 

{dz - ^dy) 



(3.73) 



where we have used the U{1) rotation M — t- e ^^''M to get rid of a possible phase in the 
expression of M and M. The spin connection and the curvatures for this tetrad are given in 

(3.74) 



appendix C.l A last implication of the Fierz identities is that 

£(4) = Eabcd A A A e'^ = i L AN AM AM = « e+ A e" A e* A e* 
whence ** = i. Furthermore, one finds from (3.72) 

dyH = gT , and = d^U = d^w = dyW , 



(3.75) 



whence the only ?;-dependence of the metric resides in H. The resulting form of the metric 



ds' 



2du[dv + Hdu + wdz + wdz) — 2e^^ dzdz 



(3.76) 



is a Kundt wa ve, th at is, it admits a non-expanding, shear- and twist-free geodesic null vector 
(cf. appendix 



C.3 



for more details). To see this take e.g. L = dy. Moreover, it is in the 
Walker form, which implies that the space has holonomy contained in Sim{2) [96j . 

To determine T we shall be using the identity CaF^ = d (Ca^^) = dT A L, which 
presupposes knowing F^. The generic form of F^ can be derived from the fKSEs (3.62) and 
(3.64). Contraction of the first with ie and ir] leads to 

^Lr+ = f Ca£^L, 

-I- _ ig r . M J- 

V2 



(3.77) 
(3.78) 



Using these and the fact that, as is an imaginary-self-dual 2-form it must be expressible 

(3.79) 



in terms of the $s defined in eq. (3.68), one obtains 

r+ = HLAM - f C^C^ [LAN + MaW\ , 
with v^^'^ = 'i(t>i£^'^'^ n4>j-, and moreover 



m(P.J 







Giving eq. (3.64) a similar treatment leads to 

-- LAM - \ yi'[L AN + M AM] , 



(3.80) 



(3.81) 



where are still undetermined functions. Using the rule = iC^T^ + 2f^G^~^ we find 
that 

= if^ L AM + [L A N + M AM] , (3.82) 
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where we have introduced 



and 



Using F 



^ = 2iCA ip^ , W = -flip'' ^ if 
i?A+ + F^- = 2Re {F^'^) and using dT A L = CaF^, we obtain 

lA 



Ca [V + v\ 

A 



Ca P' 



(3.83) 
(3.84) 



(3.85) 
(3.86) 
(3.87) 



Eq. (3.85) is the key to the possible iJ-dependence. We want to integrate it to obtain H 
through eq. (3.75); for this we need to know the coordinate dependence of the scalars Z. This 

(3.88) 



can be obtained by contracting eq. (3.63) with the ie and irj. The result is that 



= VlZ' = dyZ' , = VmZ' = 

so that the depend only on u and z. Likewise, the depend only on u and z. 

Using the fact that the scalars are f -independent, integration of eq. (3.85) is straightfor- 
ward and leads to 



T 
H 



4|Ca£^P + Im(AA)-^l'^^CACs] V + Ti{u,z,z) , (3.89) 
4|Ca/:^|^ + Im(AA)"^I^^CACsl v'^ + Tiv + To{u,z,z) . (3.90) 



We could take Ti = by doing a coordinate transformation v ^ v + f{u, z, z), but we shall 
be ignoring this possibility for the moment. H can be written in terms of the potential V in 
eq. (3.15) with Pa = 0, since we are ignoring possible non-Abelian couplings, as 

^A|2 



H 



9' CaC' 



V 



v' + Ti^; + To , 



(3.91) 



which is calculationally advantageous when V is known. 

At this point we have nearly completely specified the v-dependence of the solution, the 
only field missing being A^; with this in mind it is worthwhile to impose the gauge- fixing 
ilA^ = 0, which is always possible and furthermore it is consistent with the earlier result 
Ca^^ = T L. As a result of this gauge fixing we have that 



dyA' 



£lA^ = d{iLF^) = -[V + VY L 



so that 



[V + VY vL + A^ 



V-^\^'^Cj:vL + A^ , 



(3.92) 



(3.93) 



where A^ is a ^-independent 1-form satisfying ilA^ = 0, and F is the imaginary part of 
the prepotential's Hessian, cf. eq. (B.83). Given this expression, the Bianchi identity is 
automatically satisfied, but just as in the timelike case this does not (necessarily) mean that 
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any A^ leads to a field strength of the desired form. Calculating the comparison one finds 
that 



dA^ 



{V-V) MAM 



+ [(t>^ + 0m{v {V + Vf)'^ LAM + + djj{v {V + y)^)) LAM 



(3.94) 



Let us at this point return to the fKSEs, and evaluate eq. ( |3.5[ ) using eqs. (3.81) and 



(3.88). This results in 



(3.95) 



The above equation is readily seen to be solved by observing that the constraint 

7+ej = (3.96) 

leads to 7+e^ = under complex conjugation, as well as to 7*e/ = and 7*e^ = 0, due to 
having chiral spinors and the normalisation prescribed in eq. (3.74). A similar analysis on 
the fKSE (3.3) in the z;-direction shows that the spinor ej is ^-independent, and thus also e^. 
The other equations become 

Die/ = , (3.97) 
D.e/ = f Ca* e/j7*e^ , (3-98) 
D+e/ = -^^e/j7*e-'. (3.99) 

Using the definition (3.2) and the spin connection in eq. (C.3), we can expand eqs. ( 3.97| ) 
and (3.98) as 

= e-.ei - \Q-, [U + \1C) e/ 
= e,ei + \e, {U + i/C) e/ 



e/J7 e 



J 



(3.100) 
(3.101) 



The first is easily integrated by putting 

e/ = exp (i S) xi{u,. 



with 



S = u + lic , 



(3.102) 



which upon substitution into eq. (3.101) leads to 



dzXi + {dzS)xi = 'iCKX^eul' e^x' ■ (3.103) 

This last equation is potentially dangerous, as it has a residual z-dependence (even though r/ 
and are z- independent). We use avoiding this inconsistency as a mean to fix S"; deriving 
eq. (3.103) w.r.t. z and using the complex conjugated version of eq. (3.103) to get rid of r/^ 
in the resulting equations, the result is that S has to satisfy 



d,d,S 



A|2 



'25 



l + \z\ 



(3.104) 



This unique choice for S is a necessary condition for eqs. ( 3.100[ ) and ( |3.101 ) admitting a 
solution, but it may not be sufficient. In the next subsection we shall discuss the simplest 
null case solution to the minimal theory, and show that the system can indeed be solved 
completely. The lesson to be learnt is that, once we introduce 5", the system (3.100, 3.101) 
corresponds to an equation determining spinors on a 2-sphere, and it has solutions. I n fact , 
the QkX^ factor can be absorbed by redefining xi = \/ '^hX^ r]i , which converts eq. (3.104) 
into 

-s _ g h I ui2^ 



dzVi + dzS r]i 



f e/j7* e^r/-^ 



with 



(3.105) 



which is just the spinor equation on S"^ in stereographic coordinates. 
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3.3.1 The electrically-charged Nariai cosmos 

The minimal theory is obtained by selecting = (1, — i/2), which leads to the monodromy 
matrix M = —i/2 , so that Re(AA) = 0. If we fm'ther fix Cq = 2, the minimal De Sitter theory 
action is given by 

l^^{R-F^ -6g^) . (3.106) 
Using the general results obtained earlier, we can write down the following solution 

9 7/7 '2 1 1 \ dzd/Z 

as = 2du [dv — g v du) ^ , 

5(^(1 + ) 

A = -gvdu. (3.107) 

This metric is nothing more than dS2 x S"^, albeit in a non-standard coordinate system, and 
the solutions is known to the literature as the electrically-charged Nariai solution |97l I98j . 
Note that the local holonomy of the Nariai solution is not the full sim(2), but rather so(l, 1) © 
so(2) c sim(2) [95]. 

We now proceed to discuss the preserved fake-supersymmetries. For this, it is easier to 
write the metric as 

ds^ = 2du {dv - g^v^du) - ^ [dO"^ + sin^ {9)d^^) , (3.108) 

and consider the fakeSupergravity equations in terms of a 2-component vector of Majorana 
spinors, also denoted by e, 

Vae - gAaC = -l^jacrh - l^a^J^e . (3.109) 
The solution to the above equation is seen to be 

e = exp (§7^2) exp (-f 7^^) eo , with 7+eo = , (3.110) 

where eo is a 2-vector of constant spinors. 

We finish this subsection with a couple of comments. In SUGRA one can associate a Lie 
superalgebra to a given supersymmetric solution \99\ llOOj , and for the AdS2 x S"^ maximally 
supersymmetric solutions in minimal M = 2 d = 4, this algebra is su(l,l|2). In the fake- 
supersymmetric case, however, one cannot assign a Lie superalgebra to the solution, as the 
vector bilinears which would represent the supertranslation part do not lead to Killing vectors; 
this fact is illustrated by eq. (3.70). 

In this sense, a perhaps worrisome point is the action of the Killing vectors on the preserved 
fakeSupersymmetry, especially since the Killing spinors are u- and ?;-independent. Since the 
spinors are gauge-dependent objects, one should consider an M-covariant Lie derivative on 
them |10H I102j . This derivative is defined for Killing vectors X and Y as 

hxe = Vxe + \{daXb)r''e- g^xe, with | /^^ = "J^f ' (3.111) 



Using this Lie derivative, one can see that L^e = for any X G lsom{dS2)- 
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3.3.2 Solutions with holomorphic scalars and deformations of the Nariai 



In the usual supersymmetric case there are two generic classes of null solutions whose Su- 
persymmetry is straightforward to see: the first are the pp- waves which are characterised by 
the fact that the scalars depend only on u, and the cosmic strings which are characterised 
by vanishing vector potentials A^, vanishing Sagnac connection zu = 0, and a holomorphic 
spacetime dependence of the scalars, i.e. = Z^{z) [l5l[81]. In this subsection we shall 
be considering the fSUGRA analogue of the latter case, and impose w = and that is a 



function of z only. However, because of eq. (3.93) the vector potentials cannot vanish, and we 



ve 



dz ( y + y ) and the Bianchi identity reduces 



shall be looking for the minimal expression of A^ for which the Bianchi identity, eq. (3.94), 
is solved: minimality implies that '^'^ ""^ ' ""^ 

to 

dA^ = 



2i Im 



dz A dz 



[l + \z 



2\2 



(3.112) 



a solution to which exists locally, and determines A^ = and A^ and A^ as functions of z 
and z. 



Given the above identifications, we can use eq. (3.82) to calculate the constraints imposed 



by the Maxwell equations, i.e. Ba = in eq. (3.11), which leads to 



9. 



MAj:dz{y + vf = dz 
MAi:d-z{V + vf = d-z 
'AfAi:dz{V + vf] = dz 



MAjidz{V + vf 



(3.113) 
(3.114) 
(3.115) 



where the contribution due to A^ has been dropped out identically. As eq. (3.114) is the 



complex conjugated version of (3.113), and eq. (3.115) is the integrability condition for (3.113) 



and (3.114), we only need to demand eq. (3.113) to hold. Using the holomorphicity of the 
scalars to write dz = dzZ^ di, one can express it as an equation in Special Geometry, namely 



2ilm (AA)^^. diV^ 

giCA Crf[ - f 9ilm (AA)^^ Im (AA) 



-i|sr 



Cr 



(3.116) 



Some straightforward algebra using the expressions (B.77) and (B.78) shows that the above 



equation holds, and thus the Maxwell equations are solved for arbitrary scalar functions Z^{z). 

Had we obtained the most general solution above, we would be certain that the fields 
solve the fKSEs, and thus the KSIs would have told us that we only need to further verify 
= to make sure that the proposed configuration solves all the equations of motion. We 
did however check that all of the EOMs are indeed satisfied, which, as was to be expected 
from the discussion above, they all reduced to Special Geometry calculations. 

In conclu sion, gi ven an expression for = Z^{z), we need to find the local expression for 
A^ from eq. (3.112), so the solution is given by 



ds'^ = 2du [dv - \Hqv'^ du) - 



dzdz 



g^\CAC^\'{l + 



(3.117) 
(3.118) 
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where 

i^o = V - g^\CAC^f . (3.119) 

Furthermore, one can obtain deformations of the Nariai cosmos by taking the scalars to 
be constants, in which case the zz-pait of the metric describes a 2-sphere of radius g'|CA>C|. 
Depending on Hq, the uv-pait of the metric describes dS2 {Hq > 0), M^'^ {Hq = 0) or AdS2 
{Hq < 0). As before, these spaces have local holonomy contained in sim(2). The solution for 
generic Z^(z) however has proper sim(2) holonomy. 



3.4 Non-BPS solutions to A/" = 2 SUGRA 

As is well known, there are models in = 2 d = 4 SUGRA coupled to vector multiplets for 
which one can choose the Fayet-Iliopoulos terms such that the hyper-multiplet contribution 
to the potential vanishes (see e.g. [79j or [29| sec. 9] for a discussion of this point). Since 
the construction we are considering in this chapter is a Wick-rotated version of the general 
supersymmetric set-up, with no hyperscalars, this implies that there are fake-supersymmetric 
models in which the only contribution to the potential comes from the gauging of the isome- 



trics, as the FI contributions to the latter vanish. In that case, the bosonic action (3.16) 
coincides with that of an ordinary YMH-type of supergravity theory, and for those specific 
models the solutions we obtained are in fact non-BPS solutions of a regular supergravity 
theory. Let us illustrate this with the dimensional reduction of minimal d = 5 SUGRA. 

The dimensional reduction of minimal five-dimensional SUGRA leads to a specific N = 2 
d = A SUGRA, namely minimal SUGRA coupled to one vector multiplet, with a prepotential 
given by 

•^W = -g^^- (3.120) 

With the usual choice Z = X'^ / , one finds that the scalar manifold is SL(2;M)/U(1) with 
the corresponding Kahler potential e'^ = Im^ [Z) (note that this implies the constraint 
Im (Z) > 0). Ignoring the possibility of gauging isometrics of the scalar manifold, so that 



P = 0, we can calculate the potential in eq. (3.15) to find 



V = ^[C?Im-i(Z) + 6CoCi Re(Z)Im-3(z)] . (3.121) 

There are two interesting subclasses we can consider. The first one is Ca = (0,Ci), for which 
the potential is of the correct form to correspond to the dimensionally-reduced version of the 
theory considered in [30]. 

The second case is Ca = (Co,0), which means that the potential vanishes. By construc- 
tion this not only means that we can construct non-BPS solutions to the four-dimensional 
supergravity theory, but also that it can be oxidised to minimal five-dimensional SUGRA. A 
simple timelike static solution for this latter case can be found by putting X'^ = , so that 
the base-space is M^, and Xi = as to ensure staticity, i.e. = . The regularity of the 
solution to the stabilisation equations, or equivalently the consistency of the metrical factor 
imposes the constraint Tq (T^) < 0. With this information, the solution is determined 

by 



2|X|2 



Xo(Xi)^ 



Z = 2ii 



2o 



(3.122) 
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so that the solution is asymptotically Kasner. As the effective radius of the compactified fifth 
direction is proportional to lm{Z), which grows linear in r, this solution is asymptotically 
decompactifying. The resulting five-dimensional metric is found to be (shifting — )■ \/2 H) 



ds 



(5) 



2H-^dy (dr - 2V2 \Io\ dy 



dx^ 



(3.123) 



which can be transformed to a Walker metric for a space of holonomy Sim(3) [96]. Observe 
that the relation between [d + l)-dimensional spaces of holonomy in Sim((i — 1) and time- 
dependent black holes, of which the foregoing is one example, was first introduced in 



The generic solution in subsection |3. 3. 2| can readily be adapted to the model at hand, and 
reads 

ds^ = 2du{dv + \^v^Z~''du) - "^^"^^ , (3.124) 



where we have introduced t he ab breviations ^/2\ = qCq and Z = Im(Z). The vector fields 
are given by the expression (3.93) with A^ = 0. A^ needs to satisfy 



dA^ = V2i\Z 



dz A dz 



{l + \z 



2\2 



(3.125) 



which presupposes knowing the explicit dependence of Z on z. Lifting this solution up to five 
dimensions we obtain, after the coordinate transformations v — )• e^^y w where y is the fifth 
direction, the following solution 



ds 



(5) 



2^-1 e'^^Vdudw 



Z' 



dy' + 



dzdz 



A2 (1 + |z|2)2 

A = VSRe (Z) \dy + 2V2X Z'^ vdu] - A\ 



(3.126) 
(3.127) 



where A^ is determined by the condition (3.125). This solution is a deformation of the 
maximally-supersymmetric AdSs x S'^ solution, and deformations of the other maximally- 
supersymmetric five-dimensional solutions can be obtained by using the Sp{2; M)-duality 
transformations before oxidation, in a similar way to how the four- and five-dimensional 
vacua are related (see e.g. [103j ). 

Let us end this section by pointing out that there are more models for which the FI 
contribution to the potential vanishes j29] . One of them is the ST[2,m] model, which in 
ungauged supergravity allows for the embedding of monopoles and the construction of non- 
Abelian black holes |80j . A convenient parameterisation is given by the symplectic section 



V 



L^ 
??aeSLS 



with 



diag([+]2. 



The FI part of the potential is easily calculated to give [79l [29] 



(3.128) 



(3.129) 



so that Ypj = whenever C is a null vector w.r.t. r]. 

Taking ST[2, 4] as the model to work with and C to be a null vector, we can gauge an 
SU{2) group, and by further taking CaI^ = (which implies that the base-space is M^) we 
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can generalise the solutions found in [SO] to cosmological solutions. For that, take the indices 
A to run over (0, +, - , i) and let C+ be the only non- vanishing element in C. We find a 
static solution, i.e. uj = 0, by selecting = Iq = li = 0; this allows for the embedding 
of a 't Hooft-Polyakov monopole in the X*. If we then further take X+ = 0, where I is the 
part of the function X independent of r, and normalise the metric on constant-r slices to 
be asymptotically (which is equivalent to taking X_ and to be suitable constants) the 



metric is determined through eq. (3.40) and 



2|X|2 



1 + 



1-W 



(3.130) 



where H is a completely regular function of r E 
monopole, which reads 



H 



coth (fir) 



coming from the 't Hooft-Polyakov 



1 

fir 



(3.131) 



and is monotonic with H {r = 0) = and asymptoting to H (r ^ oo) = 1. This means that 
the constant-T slices are geodesically-complete. The full metric however suffers from an initial 
singularity at r = 0, and also from Kasner expansion (the base-space has a time-dependence 
which behaves power-like). 

More general backgrounds can be constructed by considering the hairy or coloured (general 



Abelian) solutions of [47], and (non-Abelian) of \90\ I80j. Comments made in section (3.2.1) 
apply to these solutions. 



3.5 Summary of the chapter 

In this chapter we have studied the fake-supersymmetric solutions that can be obtained 
from = 2 d = 4 gauged Supergravity coupled to (non-Abelian) vector multiplets, by Wick 
rotating the FI term needed to obtain a gauged supergravity. As is usual in the classification of 
supersymmetric backgrounds, the solutions are divided into two classes, denoted the timelike 
and the null case, which are distinguished by the norm of the vector built out of the preserved 
Killing spinor. 

In the timelike case we have found that the metric is of the standard conforma-stationary 
form, also appearing naturally in the supersymmetric timelike solutions, with the difference 
that the metric is to have a specific time dependence. This is such that there is a natural sub- 
stitution principle, as first pointed out by Behrndt and Cvetic [28j, for creating solutions from 
the known supersymmetric backgrounds to M = 2 d = 4 SUGRA coupled to (non-Abelian) 
vector multiplets. Apart from this time-dependence, we find that the base-space must be a 
subclass of three-dimensional Einstein- Weyl spaces known as hyper-CR or Gauduchon-Tod 
spaces |83J, and that half of the seed functions, namely the X^, must obey the Bogomol'nyi 
equation generalised to GT spaces. 

In the null case we have found that the solutions must have a holonomy contained in 
Sim(2), which arguably can be considered to be a minor detail. It was however shown in |104j 
that the purely gravitational solutions of this kind have rather special properties with respect 
to quantum corrections, and it is not unconceivable that this holds for the more general class 



'Where is a timelike direction, ± are null directions and i = 1,2, 3. 
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of solutions with Sim(2) holonomy in supergravity theories, such as the one presented in 
section 13.41 

We did not develop a full-fledged characterisation of the solutions in the null case, but 
instead focussed on the new characteristics induced by the interplay between Sim(2) holonomy 
and Special Geometry. The general solution to the null case is the Nariai solution in eq. (3.107) 
with the substitution guu = —2g^v'^ — )• —2g^v^ + 2X9(2;, z), where dzdz^Q = 0. This can be 
seen from |105j . that gives the characterisation for the minimal case. The end result is 
what can be considered to be a back-reacted solution describing the intersection of a Nariai/ 
Robinson-Bertotti space with a generic (stringy) cosmic string [81] . 

The fact that the holonomy is contained in Sim(2) is due to having gauged an M-symmetry, 
whence one can deduce that the null vector (constructed as a bilinear of the preserved Killing 
spinor) is a gauge-covariantly constant null vector. In other words, it is a recurrent null vector, 
and thus why the four-dimensional space has holonomy Sim(2) |95) . As the Wick rotation 
needed to create fake supergravities from ordinary gauged supergravities will always introduce 
an M-gauging, one might be inclined to think that null fake-supersymmetric solutions will 
always have infinitesimal holonomy in sim(d — 2). This is however only partially true; consider 
for instance the theory studied by Grover et al. ^3Qj. In that case one can see that the 
recurrency condition (3.70) still holds but with the Levi-Civita connection replaced with a 
metric compatible, torsionful connection, where the torsion is completely antisymmetric and 
proportional to the Hodge dual of the graviphoton field strength. As the connection is metric, 
the link between the recurrency relation and Sim holonomy going through mutatis mutandis, 
we see that in fake M = 1 d = 5 gauged Supergravity theories, there is a Sim(3) holonomy 
even though in general this is not associated to the Levi-Civita connection. 

Furthermore, as was shown in [95] and illustrated in section 3.4, time-dependent solutions 
of the kind found in the timelike case can be obtained by dimensional reduction of spaces with 
Sim holonomy. Moreover, they can also be obtained from solutions in the five-dimensional 
timelike case. This strongly suggests that the ordinary hierarchy of supersymmetric solutions 
and the geometric structures appearing in them, between theories in six, five and four dimen- 
sions with eight supercharges [83], has a fake analogue. A graphical description of what this 
would be like is given in fig. (3.1). 

As a matter of fact, in chapter |4] we will investigate the solutions to five-dimensional 
minimal fakeSupergravity, and we shall see that those precise relations hold between the five- 
dimensional null case and the structures obtained in this chapter. In fact, the maps give 
relations between Einstein- Weyl spaces, since a HKT space is nothing more than a four- 
dimensional Weyl geometry admitting covariantly constant spinors. In view of this, we then 
postulate that the relations in fig. (3.1) also hold for a N = {1,0) d = 6 fakeSUGRA, which 
to the best of our knowledge has not yet been constructed, due to the inherent ungaugeability 
of the regular minimal SUGRA theory. 
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= 2 D = A GAUGED FAKESUGRA 



fSUGRA 



Timelike case 



J\f = (1,0) d = 6 



M = ld = b g=(e°)^-HKT 



It- 

(4) 



AA = 2d = 4 



Jones- Tod 
= (e°)'-GT(3) 



Null case 



g = 2e+e- - HKT(4) 

Jones-Tod [l06] 



g = 2e+e- - GT 



(3) 



g = deform. {2e^e — S"^ 



Figure 3.1: A graphical depiction of the relations between the fSUGRA theories and their 
fake-supersymmetric solutions, based on dimensional reduction over a spacelike circle. Ver- 
tical full lines indicate dimensional reduction over a in the basespace, which changes the 
characteristics of the basespace. Dotted lines represent dimensional reduction over a spacelike 
circle in the null-cone, a reduction which does not change the characteristics of the basespace. 
In the fakeSupergravities considered in this thesis the geometry of the base-spaces are all 
Einstein- Weyl manifolds. 



Chapter 4 

J\f=ld = 5 minimal fakeSUGRA 



This chapter studies the classification of solutions to = 1 d = 5 minimal fakeSUGRA. 
In particular, the chapter gives details corresponding to the null case of such a theory, since 
the timelike case was studied in [30]. Nevertheless, for completeness, we give as well the 
summarising result for the timelike case, which as commented above shall be compared to 
that of the four-dimensional theory of chapter |3| 

The outline of the chapter is the following: in section 4.1 we introduce a fake Killing spinor 
equation (fKSE) and use a subset of its integrability equations to see that they give rise to 
relations between the equations of motion. The introduction of bilinears constructed out of the 
Killing spinors allows us to introduce a five-dimensional frame, w.r.t. which the implications of 
the integrability conditions are discussed. In section 4.2 we analyse the differential constraints 
on the bilinears and obtain a necessary set of demands on the five-dimensional metric and 
the gauge field for the existence of a Killing spinor; in 4.2.1 we show that said constraints 
are also sufficient, furthermore showing that we are dealing with solutions that are half fake- 
BPS. In section 4.3 we discuss the constraints imposed by the equations of motion on the 
configurations, to which we give some simple solutions in sec. 4.3.1 Section 4.4 considers 
the dimensional reduction of the theory to = 2 d = 4 fSUGRA, and studies the relation 
between the general null solution in five dimensions and the general timelike solution in four. 
At last, section [4.5| contains a summary of the chapter. The conventions used are given in 
appendix |A.l.l[ and A. 3. 2 contains the bilinears which will be used extensively in section |4]2j 
The interested reader will find technical information on the solution geometry in appendix 



(C.2), and a small introduction to Gauduchon-Tod spaces in appendix D.l 



4.1 Fake KSE and first implications 

The bosonic field content of minimal M = 1 d = 5 Supergravity comprises only of the metric 
g^u and one vector field A^. It is this simplicity of the field content which allows for a 
clear derivation of the relevant geometrical structures, which rely on the form of the fake 
gravitino equation. In chapter [5} when we also consider the coupling to matter multiplets, 
these structures will be somewhat obfuscated. 

Since fSUGRA gauges an M-symmetry, we define the following connection on the spinors 

D,e* = Vae' - CAae' . (4.1) 

Using the above definition for the gauge-covariant derivative, we can write the fake super- 
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symmetry rule as 

^ae' = 173 [ai^ + 2fa] + ^^Ta^' , (4.2) 

where = ^Tafec-^'"^ and = —FabJ^- The integrabihty condition for this fKSE can be 
seen to be |107j 



Sabl'e' = -^Mae' , (4.3) 



where we have defined 



£ab = Sab - ]^gab£c , (4.4) 
Sab = Rab - fe Vab " I {FacFb' " ^VabF^) , (4.5) 

i^M = d*F - ^ FAF . (4.6) 

As before, the above integrabihty condition leads to relations between components of the 
EOMs, and in the (null) case at hand they can be found by using the bilineals of |107j . In 
general, there are three types of bilinears that can be constructed out of the spinors e*: a 
scalar / = ie^e*, a vector Va = iei^a^-^ and three 2-forms = ((T^)j-' ej^ab^^ {x = 1,2,3). 
As the timelike case corresponding to / 7^ was already treated in [30], we shall restrict 
our attention to the null case and put / = 0. Furthermore, we shall again rename V as 
L(ightlike). 

The Fierz identities imply various relations between the bilinears, which in this case read 

m 

ilL = 0, (4.7) 

= , (4.8) 

L A = , (4.9) 

LaLb = K'^^l, (4.10) 

$^A$^ = 0. (4.11) 



Eq. (4.7) of course implies that L is a null vector, and eqs. (4.8) and (4.9) imply that 

^>^' = LA-E^' with ilE"" = 0, (4.12) 



for some 1-forms E^ , which automatically satisfy (4.11). A minor calculation shows that 
(4.10) implies that the three 1-forms are actually orthonormal, in the sense that 

g-^iE"" , Ey ) = -6^y , (4.13) 

which implies that the E^ can actually be used to build up a Fiinfbein. This we do by 
introducing the missing linearly independent 1-form A'^, normalised such that i^N = 1 and 
ijsi^E^ = 0. The five-dimensional metric is then 

ds^ = L®N + N (E)L - E"" ^E"" . (4.14) 

Using the above base one can now express the implications of the integrabihty condition 



( |4.3D as 

= MAL, (4.15) 

= £abL\ (4.16) 

= £a' ^'ib = Sa'E^ . (4.17) 
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These imply that, given a solution to eq. (4.2), one only needs to ensure that 

, 



M- 



N^Ma = 







(4.18) 



to have a bona fide fake-supersymmetric solution. 

In this section we have analysed the non-differential constraints on the bilinears. We now 
proceed to discuss the differential ones. 



4.2 Differential constraints 



Using the fermionic rule (4.2), one can derive the following constraints 



-2i L 



1 



V3 
1 

Vs 



f/ (*$^ 



)ad[b ^c] 



Eq. (4.20) can actually be rewritten in a more suggestive form 



BaLb = VaLb - Sab^Lc = 2^ Aa Lb , with 



S, 



'abc 



(4.19) 

(4.20) 
(4.21) 

(4.22) 



As described in chapter |3j from this one can see that if the S'-contribution were absent, the 
space-time would have local holonomy contained in sim(3) [95]. Moreover, S can be seen as 
a totally antisymmetric torsion which is metric-compatibl^ , and thus Hol(D) C Sim{3). We 
will actually see later that if the field strength satisfies the radiation condition F AL = 0, the 
space has again local holonomy contained in sim(3). This is another way of stating that the 
generalised holonomy of the fKSE is contained in Sim{3), which is precisely what is needed 
for the existence of Killing spinors. 

Using the base given above we can express the fieldstrength F in terms of it, and the 



constraint (4.19) prescribes 



F = 2^LAN + Q^LAE'' + E"" A Ey , 



(4.23) 



for some (still) undetermined entities Qx and fxy. Using that i^-k F = * (L A Fj one can then 



write the antisymmetrised version of eq. (4.20) as 



DL 



* LAF 



Since L is a null vector we know thatE] 



le^^y^fy^ = 2^/3^ 



(4.24) 



(4.25) 



torsionful connection is said to be metric if the torsion tensor S{X, Y, Z) = g{SxY, Z) is antisymmetric 
in the last two entries, i.e. S{X, Y, Z) = —S{X, Z, Y), in fact implying that S is a 3-form. Furthermore, the 
torsionful connection is said to be strong if S is closed, i.e. dS = 0. In the case at hand we have that S ~ -kF, 
whence dS ~ d ★ F ~ aF A F which generally non- vanishing, so that our torsion-structure is not strong. 



^Where we have chosen the orientation 
antisymmetric tensor. 



£^^^ , for e^^^ the three-dimensional Riemannian totally 
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where we have decomposed = H^,. E^ as follows from (4.23). This implies that L is 
hypersurface-orthogonal, i.e. LA dL = 0, which in its turn implies the existence of two 
functions Y and u such that L = Ydu; but sin ce L has M- weight 2, we can gauge- fix Y = 1, 
and thus L = du. Plugging all of this into eq. (4.24) then implies that 

A = T L + )X , (4.26) 

for some function T. This form of the vector potential has ilA = 0, which after contracting 
eq. (4.20) with L"^ implies that L is a geodesic vector, i.e. V lL = 0. 

Let us further introduce a coordinate v adapted to the vector L hy L = d^, and three 
more coordinates y"^ {m = 1, 2, 3) such that the Fiinfbein can be taken to be 



E+ 
E- 



L = du , 

N = dv + Hdu + ojmdy^' 
E^ dy^ , 



= du 
L = dy , 

Ex^ {dm ■ 



Ha, 



(4.27) 



i5„ 



where we have defined E^ {(^b) = ^^B and also the Dreibein E"^, which leads to the three- 
dimensional metric hmn = E^E^. The resulting line element then takes on the Walker- form 
[96] 

ds^ = 2du {dv + Hdu + uj) - hmndy'^dy'' . (4.28) 

Given this base and the result (4.26), we see that the symmetrised version of eq. ( 4.20[ ) implies 
that 



d,H 



2eT, 

2e ^m , 

. 



(4.29) 
(4.30) 
(4.31) 



In order to fix the ?;-dependence of the metric we need the u-dependence of the vector 
potential A. This can be obtained by calculating 



£lA = ilF = -2i L 

= d,TL + = d,T L + {d.iim) df 

which implies that b^; is ti-independent, and also that 

T = -2iv + Ti{u,y) , 



H 



-2f + 2(Tiv + To{u,y) 

2^ V i^m + Wm{u,y) . 



(4.32) 



(4.33) 
(4.34) 
(4.35) 



As discussed in [95j . Ti can be made to vanish by means of a suitable coordinate transfor- 
mation V ^ V + U{u,y), and thus from now on we shall be taking Ti = 0. 

Having now the explicit coordinate dependence, we can proceed to find the expressions 
for Qx and fxy in the field strength. 



Ex"^ « 



2^ UJr, 



(4.36) 



It is clear from eq. (4.26) that /, 
the three-dimensiona 



= 2dym^n]i or equivalently / = SH, if we introduce 
exterior derivative S = dy^dm- This implies that the definition of 
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N in eq. (4.25) is actually a constraint on 'ii. In fact this type of constraint is part of the 
definition of our previously considered Gauduchon-Tod spaces [83], which appear naturally 
as the geometric structure of the three-dimensional base-space in M = 2 fakeSupergravities, 
as discussed in chapter [3j To confirm it, we investigate the totally antisymmetric form of the 
constraint (4.21). In form-notation this reads 



Using the definition (4.12) we can rewrite the LHS as 

= -LA {clE'' - 2^ H A , 



so that eq. (4.37) can be recast as 

= L A (dE"" - 2CH A + \/3C e'^y^Ey A -E^) . 



(4.37) 



(4.38) 



(4.39) 



Ignoring the possible n-dependence, we can recast the above equation in terms of purely 
three-dimensional objects as 



3^^ = 2^HA^^ - Vs^e'^y^Ey AE^ 



(4.40) 



which offers a way to define Gauduchon-Tod spaces [83]. The conclusion then is that the 
geometry of the transverse space is a Gauduchon-Tod manifold, albeit with a possible u- 
dependence. 



Furthermore, eq. (4.21) provides us with an additional constraint. Let us calculate 

LaVnE'' = Bn^"" - BnLaE'^ , 

and us^ 

BnL = , 



and eq. (4.21) to arrive at 
= 



LA 
E+ A 



VnE^" - ^H^iV + ^e^'y^QyE 
V+E"" - ^^^E' + ^e'^y^QyE^ 



(4.41) 
(4.42) 

(4.43) 



As the Es form a frame, one can use the spin connection in V+-E^ = VLj^^^aE"" to rewrite the 
above as 

^/3 



( J^+,_,-CH,) E+ AE- 
The fSUSY thus imposes the constraints 



n 



_i_ _■ xyz 

+,xy 2 



E+ AE"" 



%/3 



(4.44) 

(4.45) 
(4.46) 



This can be obtained from eq. (4.201. 
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where eq. (4.30) has been used in the second equahty on (4.45). In fact, comparing it with 



eq. (C.14), we see that they agree automaticahy, and thus this gives us no further information. 



The situation w.r.t. (4.46) is different, however, as it imposes a constraint whose consequences 



we now investigate. By using the exphcit forms in eqs. (4.36) and (C.15), we see that the 
v-dependent part drops out and one finds 



2^3? 

where we have defined 



2^ 



V2,E,^^m + e^y^E^E, 



B 



dm + 2^ N A . 



(4.47) 



(4.48) 



As we now see, the constraints derived thus far are enough to have have a fake-supersymmetric 
configuration. 



4.2.1 SufRciency of the derived constraints 

So far we have derived necessary constraints on a configuration to be fake-supersymmetric. 
In this subsection we shah show that they are actuahy sufficient; we do this by plugging them 
into the fKSE (|4.2|), and confirming that no further constraints arise. 



Imposing 7"'' = imphes that the e* are I'-independent. Using this fact and the chosen 



orientation one can then see that 

We can use these relations to massage the fKSE in the + direction into the form 

e+e' = -\ {VSg, + e^y^n+^yz) 7"e* = , 



(4.49) 



(4.50) 



which vanishes due to eq. (4.46). Hence, the fake Killing spinor is both u- and ^-independent. 



Doing a similar thing to the fKSE in the x-directions gives 



(4.51) 



where V^''*^ is the three-dimensional covariant derivative for the spin-connection A (cf. ap- 
pendix C.2). In [85] equations like these are called Killing equations in Weyl geometr'^ 
and one can see that eq. (4.51) corresponds to a Killing equation for a three-dimensional 



weightless spinor. The existence theorem for solutions to the above equation is found in [86j, 
where it is shown that the above equation has solutions if and only if the Weyl geometry is 
Gauduchon-Tod. 



The amount of preserved fSUSY remains to be studied. For this we can use eq. (C.16) to 
derive 

V^e^ = d.J - l^x^yzl^'e' = dj - C^-y^ye' - ^^^e' , 



(4.52) 



where we made use of the relations in (4.49). Comparing this equation with (4.51), one sees 
that dxC^ = 0, so that the Killing spinor is constant. As the only restriction imposed has been 



+J 



7' e 



0, the configuration thus breaks half of the fakeSupersymmetry. 



^Note that the Fierz identity |107l eq. (A. 27)] instructs us to do so. 
The identification is obvious from '85', Th. 1.2] once one sees that HSl eq. (1)] implies that {7\7^ } = -5*^, 



and furthermore that the 1-form used differs from the one here by = —2^ ^. 
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4.3 Solving the EOMs 

In order to study the Maxwell equation of motion we first calculate 

^ F = E+ AE- - ^e^?'^ Qx Ey A E"" A E+ - "§ e'^y^ E"" AEy AE"" . (4.53) 

With this expression, the Maxwell EOM can be seen to give 



We shall have a look at some particular subcases. 

Consider first the n- independent case with tz7 = 0. The above equation implies that 
vi'^^H-j; = 0, whence the three-dimensional metric h is Gauduchon, which was already implied 



by eq. (4.25). If we relax the condition that = 0, we find that 



Combining this with eq. (4.47) for the u-independent case, we see that one arrives at 

V(^)ro^ = . 



(4.55) 



(4.56) 



As indicated by fSUSY, the only component of the Einstein equations that needs to be 
checked explicitly is In the u-independent case this is easily calculated to give 

= Vi^) (5, + 2i^x) To . (4.57) 

This means that in the u-independent case the full solution is given by a Gauduchon- Tod space 



a w determined through eq. (4.47), which in this case reads 



determining the pair (E^ ^ bJ;) through eq. (4.40), an Tq which is determined by eq. (4.57) and 



yz 



(4.58) 



Knowing (i?^, H, Tq, ro), the full solution can be written down using eqs. (4.33) - (4.35) and 



(4.26), (4.27). An example is given next. 



4.3.1 Explicit solutions: five-dimensional Nariai and squashed Nariai cos- 
moses 

A first explicit solution is given by 

ds2 = 2du {dv - 2^2^2 - ^ dS\ 

A = -2^ V du , 



(4.59) 



where dS^ is the standard metric on the 3-sphere. The above background is an electrically- 
charged five-dimensional Nariai cosmos [108] . Observe that as this solution satisfies FAL = 0, 
it has Hol(V) C Sim{3)] in fact it has Hol(V) = so(l, 1) eso(3) C Sim{3). 
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We can of course also use the Berger sphere as a GT structure, i.e. employ eqs. (D.12) to 
construct a different solution, which we shall call the squashed Nariai cosmos. Explicitly, the 
solution reads 



ds^ = 2du {dv - 2ev^ du + sin(^) v [dx - cos{4>)d^]) - dBf^,M ' ^^'^^^ 



A = -2ivdu + — ^ {dx - cos{(t>)dip) , (4.61) 

where dB^^ ^ is the metric of the Berger sphere. 

Note that in the squashed case 0, so that we are dealing with a background where the 
relevant holonomy group is w.r.t. the connection D. Also observe that the Berger sphere is the 
only compact GT space that is not an Einstein space and has non- vanishing Weyl-scalar [831 
prop. 6]. Thus the only Einstein space that can be used to construct a solution background 



is the 3-sphere, which leads to the Nariai solution in eq. (4.59); this of course can also be 



obtained from the squashed Nariai presented here with the choice fi = 0. 



4.4 Dimensional reduction and link with the solution to d = 4 
fakeSUGRA 

As is well known, minimal J\f = 1 d = 5 Supergravity can be dimensionally reduced to four 
dimensions, where it can be identified with M = 2 d = 4 Supergravity coupled to one vector- 
multiplets. The field content is a metric g, two vector fields A^ (A = 0, 1), and one complex 
scalar Z. The resulting Special Geometry is governed by the cubic prepotential 

:F{X) = -il^ . (4.62) 
The explicit KK-Ansatz necessary for obtaining this identification reads 

dsf^^ = k^Usf^^ - k^{dy + A^f , (4.63) 
ii = -V3 [A^ - B^ [dy + , (4.64) 

Z = B^ + ik . (4.65) 

Along the same lines, the theory studied in this chapter can also be dimensionally reduced 
to four dimensions, and using the above KK-Ansatz the resulting four-dimensional theory falls 
into the class studied in chapter [3| with a potential V that is given by 

V = IQi^k-^ = lQflur^{Z) . (4.66) 

Comparing it to the general potential given in eq. 3.121 of chapter [3], we see that 

Co = , (Ci)2 = 2Ae , (4.67) 



where the coupling constant g appearing in eq. (3.121) has been absorbed into C to avoid 
confusion. 



^This is because the Weyl scalar is constrained to be W = —18^^, which is non- vanishing. 
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Since this is an analysis of the null case, there are two possible directions over which one 
can reduce: over a space-like direction in the null-plane, or over a direction in the Gauduchon- 
Tod space. For a dimensional reduction in the first class, the prime candidate is reduction 
along the n-direction, which implies that one must take the solution to be u- independent. We 
can thus reduce the general solution to 

ds^4) = k-^{dv + - khrandy'^dy'' , (4.68) 
A° = -k-"^ {dv + oj) , (4.69) 
A^ = -3~i/2 (i^ + 2CvA°) , (4.70) 

where the scalars are given by 

A;2 = 4^2 ^2 _ 2To , = -^v . (4.71) 

These solutions have a stationarity vector uj that is at most linear in r, and the geometry of 
the transverse space is a Gauduchon-Tod space. As expected, they thus resemble those found 



in the timelike class in four dimensions (cf. section 3.2), where v plays the role of the time 
coordinate r. 



4.5 Summary of the chapter 

This chapter has analysed the characterisation of solutions to five-dimensional fSUGRA with 
one sympletic-Majorana spinor, also commonly referred to as A/" = 1 d = 5 De Sitter SUGRA. 
Our main result was that all solutions to the theory admitting fake-Killing spinors, from which 
a null vector field can be constructed, fall into the following family of backgrounds 

ds^ = 2du[dv + (To - 2^2^2^^^ j_ 2^^;^ + - ds%T , (4-72) 

F = ^du Adv + ^dH , (4.73) 

where 8^2 the cosmological constant, GT is a ti-dependent Gauduchon-Tod space [83] , and 
To, H and w are, respectively, a function and two 1-forms on GT which may also depend on 
u (but not on f). 

Gauduchon-Tod spaces were initially discussed in the context of hyper-hermitian spaces 
admitting a tri-holomorphic Killing vector field |83l They are special types of Einstein- Weyl 3- 



spaces, obeying the constraint (4.40), and we have seen that they play a role in the solutions 
to both four- and five-dimensional fSUGRA. In this sense, they were used e.g. in [30j to 
construct examples of timelike solutions of d = 5 minimal fSUGRA for which the base-space 
is not conformally hyper-Kahler. In d = 4, it was shown in chapter [3] that the timelike 
solutions are defined by a base-space which is GT. But whereas the Ricci curvature of the 
Weyl connection is always non-flat in the solutions we have described in this chapter, the 
four-dimensional timelike solutions also allow flat GT spaces. 

As for the null supersymmetric solutions of minimal five-dimensional ungauged and gauged 



SUGRA theories, the family of backgrounds (4.72) admits a geodesic, expansion-free, twist 



free and shear-free null vector field N. To see this, consider the null vector field = d/dv. 
The congruence of integral curves affinely parametrised by v fulfills VatA^ = (geodesic). A^ 
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is hypersurface orthogonal, i.e. e Ade = 0, which means that the congruence is twist-free. 
It is also non-expanding, V^N^ = 0, and shear-free, V (^^N^^V^N^ = 0. As we saw in section 



3.3, such geometries are dubbed Kundt metrics in four-dimensional General Relativity [109J. 
It is a special case of the higher-dimensional metrics considered in |110l - lll3 J . 

But N has distinct properties in the De Sitter theory, as compared with the Minkowski 
or AdS theories. In these latter, the null vector is always Killing and for some special cases it 
becomes covariantly constant. Then the Kundt geometries become plane- fronted waves with 
parallel rays (pp-waves). This is not the case for the De Sitter theory. For the special case 
with H = 0, however, the null vector acquires an interesting property; it becomes recurrent, 
that is, it obeys 

V^A^'' = C^N" , (4.74) 



for some non-trivial, recurrence one form C^. This means that the geometries (4.72) have spe- 
cial holonomy Sim{3), which is the maximal proper subgroup of the Lorentz group 50(4, 1). 
Some technical information on the Sim group, holonomy and recurrency can be found in 
appendix [Ej 

The four parameter Similitude group, Sim(2), became a focus of interest due to the 
proposal of Very Special Relativity (VSR) |114j . Cohen and Glashow asked the question if the 
exact symmetry group of Nature could be isomorphic to a proper subgroup of the Poincare 
group, rather than the Poincare group itself. The proper subgroup they considered was 
ISim{2), obtained by adjoining the maximal proper subgroup of the Lorentz group, Sim{2), 
with spacetime translations. The theory based on this symmetry group, VSR, actually implies 
Special Relativity if a discrete symmetry, namely CP, is also added. But since the latter is 
broken in nature, VSR is necessarily distinct from Special Relativity. Additionally, there 
has been other subsequent developments on theories employing the Sim and ISim groups, 
including the General Very Special Relativity of |115| . In this sense, studies of d-dimensional 
Lorentzian geometries with Sim{d — 2) holonomy have been carried out recently |95j . The 
resulting geometries have interesting properties, such as the possibility of vanishing quantum 
corrections [104j . Possible connections to Supersymmetry were also hinted in In this 

chapter, as well as in chapter |3j we have shown how indeed these geometries emerge in an 
explicit supersymmetric computation. 

In the next chapter we shall extend the investigations to include the coupling to M = 1 
d = 5 Abelian matter. 



Chapter 5 

AT = 1 = 5 fakeSUGRA coupled to 
Abelian vectors 



This chapter studies the classification of the nuh class solutions to = 1 d = 5 fSUGRA 
coupled to Abelian vector multiplets. It is a generalisation of the analysis of chapter |4j and 
one can indeed see that those solutions (where only the gravity supermultiplet was present) 
are a limiting case of the ones presented here. To obtain this theory we analytically continue 
the supersymmetry transformations of the gravitino, as well as those for the gauginos, of the 
regular SUGRA theory. The vanishing of these transformations produces fake Killing spinor 
equations, and we consider fake-supersymmetric solutions which admit (non-trivial) spinors 
satisfying the equations. 

The outline of this chapter is the following: section 5.1 gives a summary of the basic 
equations of the theory. In section 5.2 we analyse them, focusing on the case where the 1-form 
spinor bilinear is null. The conditions obtained from the gravitino equation are derived from 
the analysis of the minimal fake-supersymmetric solutions in chapter |4j We also introduce 
local coordinates, and show that, not too surprisingly, the solutions are given in terms of a 
one-parameter family of three-dimensional Gauduchon-Tod (GT) spaces. Imposing fSUSY 
together with the Bianchi identity and the gauge field equations is sufficient to ensure that all 
the remaining equations, with the exception of one component of the Einstein equations, hold 
automatically. Section 5.3 gives some simple examples of our solutions, including some near- 
horizon geometries and an explicit model with one gauge multiplet, which under vanishing 
of the potential provides non-BPS solutions to a SUGRA theory. In section 5.4 we provide 
solutions where the GT space is the Berger sphere. Section 5.5 considers the conditions for 
which the null Killing spinor 1-form is recurrent, and investigate the properties of various 
scalar curvature invariants. Finally, section 5.6 has the summary of the chapter. 



5.1 M =1 d = b fSUGRA and Killing spinors 

The theory we start from is AA = 1, d = 5 gauged Supergravity coupled to Abelian vector 
multiplets [116j . Apart from the fields already present in its minimal version, this theory 
also has n^, vector fields and real scalar fields. As it is customary, the n = riy + \ vector 
fields are denoted jointly by [I = 0, . . . ,n). Similarly to four-dimensional supergravity, 
the scalar self-interactions and their interaction with the vector fields can be derived from a 
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geometrical structure, which in this case is known as Real Special geometr'^ The bosonic 
action is given by 

5 = —^ / (-R + 2g'^V)*l-Qij (-dX^ Ai^dX-^ + /\*F-^)-^^F^AF-^AA^ , (5.1) 
IGvrG J 6 

where /, J, K take values 1, . . . , n and F^ = dA^ are 2- forms representing gauge field strengths 
(one of the gauge fields corresponds to the graviphoton). The constants Cjjk are symmetric 
in {I, J, X}, and we shall be assuming that Qjj (the gauge coupling matrix) is positive-definite 
and invertible, with inverse Q^'^ . The X^ are scalar fields subject to the constraint 

IcijkX'X^X'^ = XiX' = 1 . (5.2) 
b 

The fields X^ can thus be regarded as being functions of (n — 1) unconstrained scalars (jf . 
We list some useful relations associated with J\f = 2, d = 5 gauged Supergravity 

Qij = -j^XjXj - -CjjkX^ , 
QijXJ = ^Xj , QijdX^ = -^dXj , (5.3) 

V = 9ViVj{X'X^ - ^Q'-^) , 

where Vj are constants. The De Sitter supergravity theory is obtained by sending g'^ to —g^ 
in eq. (5.1 ). 

Fake-supersymmetric De Sitter solutions admit a Dirac spinor e satisfying a gravitino and 
the gauginos fake Killing spinor equations. The gravitino fKSE reads 



Vm + IimHn.n.i'''''' - Ihm'^In - gi^X-fM - ^Am) 



e = , (5.4) 



where we have defined 

ViX' = X , ViA'm = Am , XiF'mn = Hmn • (5.5) 
The gaugino fKSE is given by 

[{-Fi,^ + X'Hmn)i'''' + 2VmXS*^ - AgVj{X'X-^ - ^-Q'-')^ 6 = 0. (5.6) 

We adopt a mostly minus signature for the metric, which is written in a null frame as 

ds^ = 2e+e" - Si^e'eP , (5.7) 

for i,j, k = 1,2, 3. 



^The modifier Real is used to stress the fact that the scalar fields are now real- valued. A small introduction 
to this structure is given in appendix |B.4[ Even though the notation used there is different from the one used 
in this section, the essence of the structure remains the same. 
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5.2 Analysis of gravitino Killing spinor equation 

We proceed with the analysis of the fake KiUing spinor equations, focusing on the case for 
which the 1-form spinor bihnear generated from the Kilhng spinor is null; our basis is chosen 
such that this bilinear 1-form is given by e~. 

The analysis of the gravitino fKSE has already been completed in the case of minimal 
d = 5 De Sitter Supergravity in chapter [4j But for the present purposes, in which we are 



employing spinorial geometry techniques (cf. section 2.2), a more suitable analysis is given in 
|77j . The conditions on the geometry and the fluxes obtained from eq. (5.4) can thus be read 
off from the results in |77i sec. 3], which are listed in equations (3.1)-(3.20). We shall not be 
incorporating any of the conditions obtained from the Bianchi identity in [J7\ here, because 



the 2-form flux H which appears in eq. (5.4) is not the exterior derivative of A, in contrast 



to the minimal theory. Also, to establish the correspondence between the fKSE solved in |77] 

[lowing replacements 

H , -2V^gX , xA ^ -'igA , (5.8) 



and (5.4) one makes the following replacements 



2 

where the quantities on the LHS of these expressions are the field strength, the cosmological 
constant and the gauge potential of the minimal theory, using the conventions of [77J . 

Following the reasoning given there, one can without loss of generality work in a gauge 
for which the conditions on the geometry are 

de- = , (5.9) 

de+ = -3^6+ A ^4 - -je" A e* - cj[j_|_|j]e* A e-' , (5.10) 

de' = 2w[_jfe" Ae^' +S Ae^ + 35X*3e\ (5.11) 

CNe' = , (5.12) 

where N is the vector field dual to e^, and oj is the five-dimensional spin connection. i3 is a 
1-form given in terms of the spin connection by 

B = -2wi,+_e* . (5.13) 

In addition, the 1-form A satisfies 

-2,gA = -oj^^+_e- +B , (5.14) 

and the 2-form fiux H satisfies 

H = *3B + gXe^ Ae' + ^e" A *3{uj-^ije' A e^') . (5.15) 

Here *3 denotes the Hodge dual taken w.r.t. the 1-parameter family of 3-manifolds E equipped 
with metric 



whose volume form e*^^-* satisfies 



dsj^ = 6ije'e^ , (5.16) 



lijke = e^^^jkC . (5.17) 
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Furthermore, in this gauge, the spinor e can be taken to be a constant, which satisfies 

7+e = , (5.18) 

or equivalently 

7+_e = e . (5.19) 

5.2.1 Analysis of the gaugino Killing spinor equation 

The gaugino fake Killing spinor equation (5.6) can be rewritten as 

+2V+X^7_ + 2V,X^f - AgXX^ + QgQ^'^Vj^ e = , 



(5.20) 



where we have made use of the identities 

yie = g(3)ii^^fcg (5.21) 



and 7* = Acting on eq. (5.20) with the projectors ^{1 7h ) one obtains two 

equations of the form 

(a + fty)e = 0, (5.22) 

for real a, /3j coefficients. As e is non-zero, the only solution of such an equation is a = , 
/5j = , and on evaluating the resulting conditions on the fluxes and scalars obtained from 
these equations, one finds that 

CnX^ = (5.23) 

and 

Fi_ = 3g{XX' - Q'-^Vj) , (5.24) 

fJj = X^{*3^3)^J+eiJ''VkX^ , (5.25) 

Fi, = FLi = 0, (5.26) 

where we have adopted the convention that {c')ijk = i-e. indices on the volume form 

are raised with the metric of signature (+, +, +). 

5.2.2 Introduction of local coordinates 

As e~ is a closed form, one can introduce local coordinates u, v, y°' for a = 1, 2, 3 such that 

e- =du , N = — , = e\dy'^ . (5.27) 

ov 

Observe that possible du terms in e* can be removed without loss of generality by using a 
gauge transformation which leaves the spinor e invariant, as described in [77j. The three- 
dimensional Dreibein e*Q does not depend on v, but in general it depends on y° and u, as do 
the scalars X^ . 
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We start by finding the w-dependence of e"*". Note that eq. (5.10) implies that 

£Are+ = -3gA , 



and eqs. ( |5.14| ) and ( |5.24[ ) that 

CnA = 3g{X^ - Q^^ViVj)e- . 



Moreover, eq. (5.29) together with eq. (5.14) implies that one can take 



1 



A = 3g{X^ - Q'''ViVj)vdu - —B . 

^9 



(5.28) 
(5.29) 

(5.30) 



Note also that if d denotes the exterior derivative restricted to hypersurfaces of constant u, v, 



eq. (5.11) then implies that 



de' = BAe' + 3gX +3 



(5.31) 



This is again the Gauduchon-Tod structure found in the study of a special class of Einstein- 
Weyl spaces [83l |88] (cf. appendi x [Pj) . 

Furthermore, eqs. (5.12) and (5.23) imply that 



CnB = , 



and likewise eq. (5.31) implies that 

dB + 3g {XB + dX) = 



It is then straightforward to integrate eq. (|5.28|) up to find 
e+ = dv 



^g^{X^ - Q^-^ViVj)v^du + Wdu + vB + (pie' 



(5.32) 
(5.33) 

(5.34) 



where is a t;-independent function, and (p = (pie' is a ^-independent 1-form. 

Next we wish to determine the v-dependence of the field strengths . Note first that 



CnF^ = d{iNF^) = (i{3g{XX' - Q^-^Vj)) A du 



on making use of the Bianchi identity dF^ = 0. From eq. (5.24) one also finds that 



where 



F^ = 3g{XX^ - Q^-^Vj)e+ A + ★3(^^-6 + dX^) + e' A 



= S^je> . 



(5.35) 



(5.36) 



(5.37) 



One thus takes the Lie derivative of this expression and compares with eq. (5.35 ), to find that 
£^5^ = 3g{XX^ - Q^-^Vj)B - 3gd{XX^ - Q^-'Vj) , (5.38) 

and whence 



F^ = 3g{XX^ - Q^-^Vj){vB + dv + (P)Adu + ^siX^B + dx^) , 
+ duA (^3gv{{XX^ - Q^^Vj)B - d{XX^ - Q^-^Vj)) + T^j , 



(5.39) 
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where 

= T^je^ (5.40) 

are f-independent 1-forms on E. 

Having this expression for the flux, we continue by imposing two consistency conditions. 



The first is VjE^ = dA, where is given by eq. (^5.39| and A is obtained from eq. (5.30). It 
gives the following condition on the 1-forms T^ , 

ViT' = -^B + 39(X2 - Q'JViVj)<l, , (5.41) 



where B = Ca_B. We also impose XjF^ = H, where H is given in eq. (5.15), and we note 

du 

that 

uj.^^j = - ^ {vdB + dcl)-cl)A B)ij + ^ (e^),- - ^ (eJ)i . (5.42) 
This gives an additional condition on T^ 

XiT^ = (^d4>-^AB + 6ije' A e^'^ . (5.43) 

Finally, we impose the Bianchi identities dF^ = 0, which give the conditions 

dT^ = Cji_ *3 (X^B + dX^) + 3gd{XX^ - Q^^Vj) A (/> + ?,g{XX^ - Q^-^Vj)d(p , (5.44) 

du 

= (X^B + dX^) . (5.45) 
This exhausts the content of the fake Killing spinor equations. 

5.2.3 Equations of motion 

In addition to conditions imposed by fSUSY, we require that our configurations solve the field 
equations. We start by evaluating the gauge field equations 

d * {QijF-^) + ^CijkF^ a = , (5.46) 

where the five-dimensional volume form is related to the three-dimensional volume form 
by 

= e+ A A . (5.47) 

One obtains the following condition 



d*3{QijTJ) = -3gC^{{-XXi-Vi)e^) + -cPABAdXi + -dcl)AiBXi-dXi) 

+3<70 A ^sii^XXj - Vi)B - ^XjdX + ^XdXi + Q/jdQ^^Fjv) 
1 



+ ^CijkT' a niX^B + dX^) . (5.48) 
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If one considers the limit of this equation in the pure supergravity case {i.e. having only the 
gravity supermultiplet), it becomes satisfied automatically. This is the rather peculiar feature 
of the null case of minimal fSUGRA theories, which was noticed before \77 \ I1U5) . 

Next, consider the Einstein field equations. It is straightforward to show that the inte- 
grability conditions of the fKSEs imply that all components of the Einstein equations hold 
automatically, with the exception of the " " component. The field equations are 

+gap ( - \QijH.P,F'^'^' - ^9\\q'' - X'X-')ViVj^ , (5.49) 

and hence the " " component is 

- QijFLiFi/^ - Q/jV_X^V_X^ = . (5.50) 

This equation imposes the additional condition 

= v2lF + V^(VF^,)-VV,-3#V/(r^)i-(e*)i-3(e^)iXK*3r')^- 

+ \cijKX''{{T'UT-^r + rx') . (5.51) 

We also require that the solution satisfies the scalar field equations. However, the integrability 
conditions of the fake Killing spinor equations, together with the gauge field equations, imply 
that the scalar field equations hold with no additional conditions. 



5.2.4 Summary of results obtained 

In order to construct a supersymmetric solution in the null class, we introduce local coor- 
dinates u,v,y'^, together with a family of Gauduchon-Tod 3-manifolds GT, and write the 
metric as 



2e+e 



(5.52) 



with 



e ' 
e" 



dv 
du , 
eady' 



y^v'^iX^ - Q^-^ViVj)du + Wdu + vB + (p^e' , 



(5.53) 



where the basis elements e* do not depend on v, but can depend on u, W is a t>- independent 
function and B = BiB^, (j) = (pie^ are ^-independent 1-forms. The metric (5.52) is a Kundt 
wave, whose recurrency properties we shall analyse in section 5.5 Because the base-space is 
Gauduchon-Tod, the basis elements e* have to satisfy 



de' = BAe' + 3gX *3 e' 



(5.54) 



where d is the exterior derivative restricted to hypersurfaces of constant v, u and *3 is the 
Hodge dual on the GT. The scalar fields satisfy 



d*3{X^B + dX^) = 0, 



(5.55) 



as well as 



and 



and 



(5.57) 
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and 

dB + 3g*3{XB + dX) = 0. (5.56) 
The field strengths are given by 

= 3g{XX^ - Q^JVj){dv + ()))Adu + i^siX^B + dX^) , 

+du A [-3gvd{XX^ - Q^^Vj) + T^' 
where 

= T^^e^ (5.58) 
are ^-independent 1-forms on the GT. The 1-forms must further satisfy 
d^siQijT-^) = -3gCjt{{lXXi-Vi)dvolGT) + l^/\BAdXi 

du 

A {BXj - dXi) + \CijkTJ a *3(^^S + dX^) (5-59) 
+3# A *3((i^^/ - Vi)B - IXidX + IXdXi + QijdQ-^^VN) , 



ViT' = -^B + 3g{X^ - Q'-^ViVj)cl) (5.60) 



XiT^ = (d<J)-<j)AB + 5ije' A J (5.61) 



dT^ = Ca_ *3 {X^B + dX^) + 39(i(^(XX^ - Q^^Vj)(l^ . (5.62) 

Finally, the function W is found by solving 

V^W + V\WBi) - VV, - 3g(t)'Vi{T')i - (e*), - 3(e^)iX/(*3T^)*,- 

+^Cw^^((r^),(r'')* + x^x^) = 0. (5.63) 



We remark that eqs. (5.59 
apparent a priori that eqs. ( 



, (5.62) and (5.63) always admit solutions, however it is not 



5.60) and (5.61) can always be solved. 



5.3 Some simple examples 

We now present some simple solutions to the system prescribed above. 
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5.3.1 Near-horizon geometries 

The near-horizon geometries found in |117j are in fact all examples of fake-supersymmetric 
solutions in the null class. We take d/du as a symmetry of the full solution, and set the 
to be constant, as well as W = 0, (j) = 0, = 0. The remaining conditions on the geometry 
thus simplify considerably, and one finds 

e- = du , (5.64) 

e+ = dv -^g'^iX^ -Q^-^ViVj)v^du + vB , (5.65) 

= ea'dy" , (5.66) 

where 

de' = BAe' + 3gX , (5.67) 
and the gauge field strengths are 

= 3g{XX^ - Q^^Vj) dv A du + X^ B , (5.68) 
with the 1-form B satisfied 

dB + 3gX *3 S = . (5.69) 

This solution can be interpreted as the (fake-supersymmetric) near-horizon geometry of a 
(possibly non-fake-supersymmetric) black hole. The case for which VjX^ = , S / is of 
particular interest, as the spacetime geometry is M3 x S'^, where M3 is a U{1) vibration over 
AdS2 related to the near-horizon extremal Kerr solution, and the spatial cross-sections of the 
event horizon are x S^. 



5.3.2 A small model of Real Special geometry 

A particularly simple class of solutions can be constructed with only one vector multiplet. 
Since the five-dimensional gravity multiplet does not contain scalars, there is only one physical 
scalar field (p, and we choose the only non- vanishing value for the symmetric constant Cjjk 
to be given by C122 = 1- With this choice, 

^ (^^^') ' ^ ^ / (5.70) 



Qu = idiag 99-2) ^ Qij ^ 2diag (ip-^ if 



2^ 



The equations resulting from the classification of the theory, summarised in subsection 5.2.4 
must also be satisfied, however we shall not present such analysis here. 

This model is interesting as it provides a simple setting for non-supersymmetric solutions 
to a supersymmetric theory. The potential is given by 

V = 9^2(1^295^ + 2V2Viip'^) , (5.71) 



and one can immediately see that if 1^ = the theory is supersymmetric (i.e. it was the 
definite-positiveness of V that granted us a De Sitter- like fSUGRA structure) . This solution. 
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however, is non-BPS, since the presence of Vi means its KSE is not that of standard five- 
dimensional SUGRA. This kind of behaviour was aheady present in the classification of 
four-dimensional fSUGRA (see section 3.4), and thus one can also make use here of the 
oxidation/ dimensional reduction relations between supergravity theories (see e.g. |103j or 
|118| sec. (5.3)]) to obtain solutions to minimal = (2,0) d = 6 Supergravity. 

To achieve this, we make use of the results developed in |103j . which provide the five- 
dimensional action (obtained through a KK compactification over an S^) and compare it to 
the action for our model. The fields in these actions, however, do not promptly correspond, 
and they have to be appropiately identified. The dimensionally-reduced action is given b}|^ 

d^xy^\k i-R - -k^F\A) - -k~^F\B) + —^k-^F{A)^,F{B)p^BA • 

(5.72) 

The kinetic term for the graviton in this action does not have a canonical form, so we proceed 
to rescale the metric by a scalar A;, and hence unveil the kinetic term for the scalars hidden 
in the Einstein-Hilbert term 

-2 

Qtiu k^g^^ . (5.73) 

The action hence becomes 

S= [ d^x^/\i\l-R+-k-\dkf-hlF\A)-]k-lF\B) + ^=F{A)F{B)B] . 
J \ 3 4 4 8^/\g\ J 

(5.74) 

We then compare this action with that of our model 

S = I dvol (-i? + 3^-'{d^f - y{F'f - y\Fr , 



24Vl5l 12Vl5l 

where the topological term is integrated by parts to identify the gauge fields. Upon inspection, 
k = a(p2 ^ where a is just a real constant of integration, and 

A = -a-^A^ , (5.76) 

B = ±a^A'^ . (5.77) 

To identify the remaining elements we consider the supersymmetric variation of the gaugino, 
i.e. eq. (5.6), and that obtained from the dimensional reduction of the gravitino KSE of the 
six-dimensional theory (see e.g. [W3\ eq. (1.15)]). We obtain that = —Aj^, B^ = —A^^ and 
k = — (/92 . 

This gives the identification of fields, and one can use the equations of the reduction over 
a circle to obtain the six-dimensional one 

(5.78) 

■^We have adapted the conventions of [ 103; to those of here. In particular, the Riemmann tensor has the 
opposite defining sign. 

''in flat indices, the six-dimensional space is labelled hy a — {0,1,2,3,4} and jj, where a spans the five- 
dimensional space. 
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The geometries obtained in this manner, hfted from solutions to the model (5.70) that fulfill 



the constraining equations of subsection 5.2.4, are solutions to minimal M = (2,0) d = 6 
SUGRA with (the bosonic part of the) action given by 



(5.79) 



d^x^\g\[R+-{H- 



where as usual one considers the antiself-duality of H as an additional constraint on the 
theory, rather than on the actual action. 

5.3.3 Embeddings of the Calderbank-Tod wave 

Consider now the Gauduchon-Tod space presented in |89] |^ embedded into an fSUGRA 
background as 



ds' 



2du{dv - Wv\X' - Q^-^ViVj)du + Wdu + vB + e') - dx' - \x + h\' dsi.2 (5.80) 



B 



(5.81) 



2x + h + h^^ ^j__i{h-h)C^ 
\x + /ip ' 3g\x + /ip ' 

where are constants such that VjC^ = 1, and h = h{z) is a holomorphic and monotonic 
function. This wave fulfills eq. (5.55). However, the non-constancy of the spoils the 



identities in (5.2), and hence this GT space (without rescaling) is not a good cross-section for 



a solution to the fSUGRA theory. 



Alternatively, one might consider scaling the metric so that eq. (5.31) is compatible with 
2du{dv 



eq. (D.9). This is 

ds"^ 



Ig'^v^iX'^ - Q^-^ViVj)du + Wdu + vB + (pi e' 



{h-hf 



1 



^ l\x + h\^g^X^ + |x + dsl,) . (5.82) 
This inmediately says that the choice h = h, which was prohibited in the minimal case [77], 



also cannot be used here. Furthermore X 7^ 0, and it is constrained by eqs. (5.55) and (5.56). 



5.4 The Berger sphere provides a solution 

In this section we concentrate on the case for which the GT space is compact and without 
boundary for all n, and such that X^ ,T^ ,(f),W are smooth. The near-horizon geometries of 
the previous section are special examples of these solutions. 
Consider eq. (5.55) and contract it with X^ . One finds that 



V'B^ + -QijV'X^VrX-^ = 

o 

On integrating over GT one finds the constraint 

QijV'X^ViX-^ = , 

GT 



(5.83) 



(5.84) 



See also the end of appendix D.l 
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which, assuming that Qjj is positive-definite, imphes that = X^{u) and X = X{u). 

We shall consider eq. (5.54) with X / and take GT to be the Berger spher^ |119t [83]. 
One can then write 



cos^(/x) 



cos' ^^{alf + {alf + {al) 



J2 \2 



9^2X2 

B = sin(^) cos(/i) ct| , 

where fi = fJ.{u), and are the left-invariant 1-forms on SU{2) satisfying 

1 



da) 



Note that eqs. (5.60) and (5.62) can be solved by making use of eq. (5.56), to give 



T' = -Lo_ + 3<7(^^' - Q'-'vM + , 

where 0^ are 1-forms on GT satisfying 

v^e^ = 

and 

M = . 



Next, simplify eq. (5.59) using eqs. (5.61) and (5.62), using the identity 



d[ 6ije' A en = 26 A 5ije' A e^' + 95XdvolGT + 3c/X£ j^dvolcT • 



(5.85) 
(5.86) 

(5.87) 

(5.88) 

(5.89) 
(5.90) 

(5.91) 



After some manipulation, one finds that (5.59) can be rewritten as 

1 



t/ 3 



1 



d{ -Xi6ije' A - ^QuT-" AS- -Vi^ A B ] + -9{-XXj - XX,)dvolGT 



3gX 



9 A 



2"'2 



+ {SgVi - ^gXXi)CjtdYo\GT + TT^ f - Xj^^B AB + Xi{Ca_ *3 fi) A fi") = . (5.92) 

4 fill \ du J 

For the Berger sphere the second and third lines of this expression can be written in the form 
Q^(ti)dvolGT 1 and hence on integrating over the GT one obtains two separate conditions 



and 



d(^^Xi6^je' A - ^QijT^ A ^ - ^V/^ AB]=0 



loilxXj - XX,)dvolGT + {SgVi - ^gXXj) C^dvolcT 



(5.93) 



+ 



2gX 



XiirsB AB + Xi{Ca_ i.3B)AB 



. 



(5.94) 



^If X = then the GT is either x 5"^ or T^, according whether B / or S = 0, respectively. We do not 
consider those cases here. 



5.4. THE BERGER SPHERE PROVIDES A SOLUTION 
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On using eq. (5.88), eqs. (5.93) and (5.61) can be rewritten as 



d( *3 + A ^ + SgiXX^ - Q^-^Vj) *3 </) + \x^5ije' A e-''^ = 



and 



-C 



1 



du \2>gX 



B + gX(j) + XiQ^ 



*3 



(5.95) 



(5.96) 



On contracting eq. (5.95) with X/, and using eq. (5.96), one finds 



£_a_dvolGT = — 3— dvolcT 



(5.97) 



which for the Berger sphere impHes that the squashing of the is u-independent, i.e. n is 



conformal factor of X ^. It follows that 



constant in eq. (|5.85|), and the n-dependence of the metric on the GT is inside the overall 

(5.98) 



X 



/:a_'k3B = -— ★3i3 , 

du Ji. 



and hence eq. (5.94) can be simplified to give 



XXi-XXj)B'^ = 



On contracting this expression with X^ and Q^^Vj one finds 

XB^ = , (X^ - Q^^ViVj)X = 



(5.99) 



(5.100) 



Suppose first that X"^ — Q^^ViVj ^ 0. Then X = 0, and eq. (|5.99l) further implies that 



Xi = Q 



Furthermore, contracting eq. (5.95) with V/ gives 

d*3 = , 



so eq. (5.95) now reads 



(5.101) 



(5.102) 



(5.103) 



As dQ^ = 0, and the Berger sphere is simply connected, this equation implies that the are 
exact 



(5.104) 



so that 



y2^/ + B'ViH^ = . 



(5.105) 
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It follows that dH^ = 0, and so is = 0. Also, eq. ( |5.63| implies that W = W{u). It 
remains to consider the condition 15.961 

gX(t>=-^ *3 (# - A . (5.106) 

After some manipulation, it can be shown that it implies 

V2^2 ^ ^iVi(/)2 = 2V(V'^V(i(/.j) + 3(^^202 _ (^^)2^ . (5.107) 

As the RHS of this expression is a sum of two non- negative terms, it follows from the maximum 
principle that 0^ is constant, and 

V(i(/>j) = , - (i3<^)2 = . (5.108) 

These conditions imply that one can take, without loss of generality, 

(t) = kal (5.109) 

for a constant k, irrespectively of whether B vanishes or not. Also note that by making a 
coordinate transformation of the form 

u = f{u), V = h{u)v + g{u) , i/j = + e{u) , (5.110) 

where we have taken the vector field dual to (t£ to be d/dif), one can choose the functions 
/, h,g,i such that the form of the metric and gauge field strengths is preserved, and in the 
new coordinates W = 0. 

To summarise, if X"^ — Q^'^VjVj 7^ 0, then the Berger sphere squashing-parameter n and 
the are constant, and the background is given by 

ds'^ = 2du(^dv-^g'^v^{X'^ -Q^-^ViVj)du + {v sin fi cos fi + k)al 

-^(cosV(cxi)^ + (-i)^ + (ai)^) , (5.111) 

X^ 

= 3g{XX^ -Q^-^Vj)dv A du+ ——smfxcosfi alAal , (5.112) 

3gX 

where A; is a constant. 

In the special case X2 - Q^^ViVj = there are two possibilities. If i3 / then eq. ( |5.99| ) 
implies that the X^ are again constant, whereas if ;B = then it implies that 

Xj = ^X-Wi + X^Zj , (5.113) 

for constant Zj. Also, eqs. (5.95) and ( |5.96 ) imply 

-hxx' -Q'-^Vj)XnH'' = L' (5.114) 
X 

and 

= {d{XiH^) + XjH^B^ + k{u)al , (5.115) 

where 9^ = dH^ , are functions, and = L\u) satisfy XjL^ = 0. Of course a simplified 
eq. (5.63) still needs to be solved, determining the function W. 



5.5. SOLUTIONS WITH A RECURRENT VECTOR FIELD 
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5.5 Solutions with a recurrent vector field 



The geometry we have found, eq. (5.52), is again a five- dimensional Kundt wave [109] (see 



also appendix C.3). Thus it admits a null vector generating a geodesic null congruence that is 



hypersurface orthogonal, non-expanding and shear-free. As in the case of minimal De Sitter 
d = 5 Supergravity, the null vector field N is not Killing. We shall consider the necessary 
and sufficient conditions for N to be recurrent, which places additional restrictions on the 
holonomy of the Levi-Civita connection. Recurrency with respect to this connection is defined 



as 



V^iV^ = C^N'' , 



(5.116) 



where C is the recurrent one-form [95] . d-dimensional geometries that allow recurrent vector 
fields have holonomy group contained in the Similitude group Sim{d — 2). This is a (d^ — 
3d + 4)/2-dimensional subgroup of the Lorentz group SO{d — 1, 1), and it is isomorphic to 
the Euclidean group E(d — 2) augmented by homotheties. It is also the maximal proper 
subgroup of the Lorentz group, and hence connections admitting Sim{d — 2) have a minimal 
(non-trivial) holonomy reduction. See appendix [E] for some technical information about this 
group. 

As commented in chapter |4j theories with the Similitude group have received some atten- 
tion in the past few years, as they have been shown to hold interesting physical features. They 
are linked to theories with vanishing quantum corrections |104j and to the recently proposed 
theories of Very Special Relativity [114] and General Very Special Relativity [115j . For our 
solutions, note that 



and so a necessary condition for the N to be recurrent is B 
and one finds that if ;B = then 



9g'{X-' - Q'-^ViVj)vN^N'' 



(5.117) 

0. In fact, this is also sufficient, 

(5.118) 



For the remainder of this section we take B 
imposed on the geometry. 



0, and investigate the resulting conditions 



Consider first eq. (5.54). If X 7^ then the GT space is S^, whereas if X = it is fiat. 

(5.119) 



Next consider eq. (|5.55|), on contracting with Xj this condition is equivalent to 

, 



QIJV'X'V^X^ 



and since Qjj is positive-definite this implies that X^ = X^{u). Eqs. (5.60) and (5.62) then 
further imply that 



T^ = 3g{XX^ - Q^-^Vj)(p + 



where are 1-forms on the GT satisfying 



dK^ = 



ViK' 



(5.120) 



(5.121) 



and eq. (5.61) simplifies to 



gX4) + XiK^ 



(5.122) 
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The conditions obtained from eq. (5.59) are 

X = , (5.123) 

and 

di^^K^ = -3g{XX^ - Q"Vj)d*3 <A + SgXX^dvolcT ■ (5.124) 

In particular, note that if X"^ — Q^'^VjVj ^ 0, then on contracting this condition with V/ one 
finds that 

(i*3 = , (i*3 = 3c/XX^dvolGT • (5.125) 
The function W must satisfy 

V^W = V>, + <dg\X^ - Q'^ViVj) ct>-4>- ^CukX'' {{T^UT^Y + X'X'^) , (5.126) 



as a consequence of eq. (5.63). 

Thus given , (j), X^ , W satisfying these conditions, the metric and field strengths are 

ds'^ = 2du (^dv - ^g^v^{X^ - Q^^ViVj)du + Wdu + </>ie'^ - ds^T > (5.127) 

= 3g{XX^ -Q^-^Vj)dv Adu- Adu . (5.128) 

As a simple example, take X 0, X^ constant and = 0. Then the Gauduchon-Tod 
space is S^. All of the conditions are satisfied if one takes (p = S,icr\^, where = (,i{u). 
With this choice of 0, eq. (5.126) implies that is a (u-dependent) harmonic function on 
S^. This solution describes gravitational waves propagating through a generalized squashed 
Nariai universe. Generically, these waves will be plane-fronted waves, as A*" is not a Killing 
vector. However, if — Q^'^VjVj = they are pp-waves. 

Alternatively, taking again X^ constant with X ^ 0, one can instead set cfi = and 

K' = KUu)ai . (5.129) 

Then the conditions which must be satisfied are 

ViK^ = XjK^ = , V^W = Qij{K^)i{K^y . (5.130) 

If ^ 0, one must thus have non-vanishing W . 

In [77] it was shown that, for recurrent solutions in the minimal theory, all scalar curva- 
ture invariants constructed purely algebraically from the Riemann tensor are constant. By 
computing the Ricci scalar for the recurrent solutions constructed here, one can see that a 
necessary and sufficient condition for the Ricci scalar to be constant is that Q^'^VjVj is con- 
stant. This condition is also sufficient to ensure that all the other algebraic scalar curvature 
invariants are also constant. To see this, define 

2 11 

i^^LiyX = 2V^V[^(/>A] + -V;,V[^,(/>A] - -VxV[f,cf)^] , (5.131) 

0f.u = V^V,W + 9g\X^ -Q'-^ViVj)vV^^<P,) + ^{dcl))^x{dcl)),\ (5.132) 



5.6. SUMMARY OF THE CHAPTER 
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and note that 

N^i^^^x = , N^^e^, = . (5.133) 

The Riemann tensor satisfies 

R^,u\r = {R^)p,uXr + 4%^,.][AA^r] + N^l^^Xr " N^^^Xr + Nxlprt^u " Nr^x^,u , (5.134) 



where is the Riemann tensor for the metric (obtained from the metric in eq. (5.127) 
by setting W = 0, cp = 0, where {R°)^uXt = g^^iR^YuXr)- 5° is the metric on ^^52 x GT, 
M}'^ X GT or dS2 x GT according to whether X"^ — Q^^ViVj is negative, zero or positive. 
It then follows, from exactly the same reasoning as set out for the minimal case, that all 
algebraic scalar curvature invariants constructed from the metric g and the Riemann tensor 
R are identical to the same invariants constructed from g^ and R^ ., and hence they are 
constant. The status of scalar curvature invariants constructed from covariant derivatives of 
the Riemann tensor remains to be determined. 

For ;B 7^ 0, one can also provide the construction with a 5im-holonomy structure. This is 



relevant e.g. for the embedding of the Berger sphere considered in section 5.4 By considering 
the gravitino fake Killing spinor equation, one obtains 

V/,iV^ = -^gA^N^ + ]^Xi [^{N A F^%^ . (5.135) 

So define a new covariant derivative T) by 

V^N, = V^N, - S^^PNp = -'igApN, , where 5 = ^ ★ {XjE^) (5.136) 

can be interpreted as a totally antisymmetric torsion 3-form, and thus the new connection 
is metric-compatible. It is clear that that is then recurrent w.r.t. the connection 2?, and 
consequently its holonomy is a subgroup of Sim{2>) [95j . 



5.6 Summary of the chapter 

In this chapter we have analysed the geometric structure of the null case solutions of = 1 
d = 5 fSUGRA coupled to Abelian vector multiplets. The general fake-supersymmetric 
solution is given by the Kundt wave 

ds^ = 2du{dv - ^g^v'^iX'^ - Q^^ViV.j)du + Wdu + vB + (pie') - hmndy'^ dy"" , (5.137) 

where hmn = is the metric on the Gauduchon-Tod 3-space, W is a, ^-independent 

function and B = Bie'', cj) = c^je* are ^-independent 1-forms. The field strengths are given by 

= 3g{XX^ -Q^-'Vj){dv + (l)) Adu + *s{X^B + dX^) 

+du A [-?,gvd{XX^ - Q^^Vj) + T^) , (5.138) 

where T^ = T^ je^ are ?;-independent 1-forms on the GT. 
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Furthermore, we have studied the conditions for which the 1-form bihnear is recurrent, so 
the hofonomy of the Levi-Civita connection is inside Sim{3), and investigated the properties 
of various scalar curvature invariants. We have found that recurrency is obtained by setting 
B = 0, and that depending on whether the norm of X is vanishing or not, the GT space 
is either or S^, respectively. In addition, we find that our general recurrent solutions 
include plane- fronted waves propagating through a generalised squashed Nariai cosmos. For 

— Q^'^VjVj = these actually become pp-waves. Moreover, having — Q^'^VjVj equal 
to a constant guarantees that all scalar curvature invariants constructed algebraically from 
the metric and the Riemann tensor are constant, and thus the ideas of |104j also apply in this 
set-up. 



Chapter 6 



Classification of 'Supersymmetric' 
Einstein- Weyl spaces 



The work in this chapter is similar in construction to that of previous ones, where we also 
employ techniques inherited from the classification of supersymmetric solutions to SUGRA 
theories to attack a problem of a different nature. We consider a 'novel' KSE (in the sense 
that such KSE is not related a priori to any supersymmetric setting), whose relevance be- 
comes apparent once we analyse its integrability condition. This is the same as in previous 
chapters, but our motivation now is different from that of characterisation of solutions to 
fSUGRA theories. We are interested in classifying Lorentzian Einstein- Weyl spaces of arbi- 
trary dimension, and the KSE is chosen in such a way that the integrability condition matches 
the geometric constraint for a manifold to be Einstein- Weyl. 

As said, the tools we use in this chapter are the same ones employed in the programme 
of classification of solutions to supergravity theories, and we thus split the problem at hand 
according to whether they employ a timelike or null vector field. The characterisation we give 
is that of those EW spaces that arise from the existence of a Killing spinor, i.e. a spinor that 
fulfills the KSE we propose, and it is in this sense that we refer to them as supersymmetric 
geometries. 



The outline of the chapter is the following: section 6.1 introduces the spinorial rule, its 
integrability condition (which resembles the geometric constraint for Einstein- Weyl spaces) 
and a short manipulation on a vector bilinear valid for all dimensions and cases. Section |6.2| 



analyses all possible timelike cases, showing their triviality. Section 6.3 describes the null 



solutions for the M = 1, d = 4 case, while section 6.4 treats the d = 6 null case, and 



section 6.5 includes the remaining ones. Section 6.6 has a summary of the chapter. For the 



interested reader, appendix [D] gives some information on Weyl geometry and Einstein- Weyl 



spaces and appendix A. 2 presents the spinorial notation we employ. A little description on 



the geometry of Kundt waves, which show up as solutions, is given in appendix |C. 3 



6.1 Covariant rule and the Einstein- Weyl condition 

Consider the following rule for the covariant derivative of some spinor e, which we shall take 
to be DiracQ 

^In order to construct bilinears, it is useful to impose a bit more structure on the spinor. This naturally 
leads to question the compatibility of eq. ( |6.1| l with the conditions for the existence of different kinds of spinors 
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Aae 



+ habA^e 



(6.1) 



where d is the number of spacetime dimensions and A is just some real 1-form, which at this 
point is completely unconstrained. This equation is related to the £KSE (4.51) in chapter |4| 
in that the latter can be obtained from the former (for d = A) hy applying the Jones- Tod 
reduccion mechanism |106j . We shall call the solutions e to eq. (6.1) Killing spinors, and the 
corresponding metric and 1-form a supersymmetric field configuration. Observe that with 
our choice of Dirac conjugate, the above rule implies 



Vae = ^Aal - \A^ ejab . 
A straightforward calculation of the integrability condition leads to 



w 



(afe)7 



(6.2) 



(6.3) 



where F = dA is called the Faraday tensor and 

(ab) = ^{9)ab - {d- 2)V(,A) - id-2) AaAb - gab {VcA" - {d-2) A.A") , (6.4) 



W 



which is readily identified with (the symmetric part of) the Ricci tensor in Weyl geometry 

iition 

(6.5) 



(see appendix D.l for a small introduction). Contracting the above integrability condition 



with 7" one finds that 



= W e , 

which when combined with eq. ( |6.3[ ) leads to 

2(W(afe) - ^r?„,W)7'e = 0. (6.6) 
In the Riemannian setting the above is enough to conclude that if we find a spinor e satisfying 



eq. (6.1), then the underlying geometry is Einstein- Weyl. In the non- Riemannian setting 
this conclusion is however not true; as in the classification of supersymmetric solutions to 
supergravity theories, there are two quite different cases to be considered, namely the timelike 
or the null case. The minimal set of equations of motion that need to be imposed in order 
to guarantee that all EOMs are satisfied is different in each case: in the timelike case a 
supersymmetric field configuration automatically satisfies the EW condition, whereas in the 
null case the minimal set consists of only one component of the EW condition, namely the 
one lying in the double direction of the null vector bilinear. 

Seeing the similarity of the integrability condition of the spinorial rule with the geometric 



constraint for EW spaces, it should not come as a surprise that eq. (6.1) is invariant under 
the following Weyl transformations 



9 






A 


= A + dw , 




e 




a 



e 

A-d 
4 



(6.7) 



This symmetry can in fact be used to obtain the RHS of eq. (6.1), which would otherwise 



have to be wild-guessed: since by definition the structure of all EW spaces will contain it, the 

(Weyl, Majorana, Majorana-Weyl, etc.). Indeed, such additional constrains are in fact compatible with the 
given rule of parallelity of e. 



6.2. TIMELIKE SOLUTIONS 
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appropiate connection to use is the Weyl one, eq. (D.2), which in the spinorial representation 
is given by = Vq — ^jab^^ ■ Furthermore, an additional a^a-term serves to preserve the 
spinor transformation rule, and the constant a is chosen by demanding that the integrability 
condition of the resulting equation includes the criterion for EW spaces. This thus allows us 
to formulate the parallelity equation as D^e = A^e. In other words, we have the structure 
of a weighted Killing spinor in Weyl geometry. 

The next step is to define the bilinear L = L^dx^ = e7^e dx^^, which (as shown in 



appendix A. 2) is a real 1-form and for a Lorentzian spacetime is either timelike, i.e. g{L, L) > 



in our conventions, or null g{L, L) = 0. In any case, one can always derive from the spinorial 



equation (6.1) the following differential rule for the bilinear 



2 

whose totally antisymmetric part reads 



4 — d 

VaLb = AaLh - LaAb + nA gab , (6.8) 



dL = ^ — ^ AAL , (6.9) 



singling out the d = 6 case as special, as L is then closed. 
We start the analysis by considering the timelike case. 

6.2 Timelike solutions 



Suppose that L is timelike and define / = g{L,L). We can straightforwardly use eq. (6.8) to 
find 

df = {A-d)Af . (6.10) 

This implies that, as long as d ^ 4, the Weyl structure is exact and any supersymmetric 
EW space is equivalent to a metrical space allowing for a parallel spinor (w.r.t. the Levi- 
Civita connection) . Bryant classified all the pseudo-Riemannian spaces admitting covariantly 
constant spinors for a different number of dimensions |120j . Thus, this prescribes the timelike 
Einstein- Weyl metrics with Lorentzian signature in dimensions three (flat), five and six {g = 
■^i,d-5 ^ where ^ is a four-dimensional Ricci-flat Kahler manifold). A general study for 
the remaining dimensions is still an open problem, as far as we know. However, Galaev and 
Leistner provide a partial answer by giving a blueprint for the geometry of simply-connected, 
complete Lorentzian spin manifolds that admit a Killing spinor [121^ Th. 1.3]. 

For the d = 4 case, we use the same building blocks as in chapter [3] to set up the whole 
calculus of spinor bilinears. We deal with the spinor structure of A/" = 2 d = 4 supersymmetry, 
which allows us to decompose a Dirac spinor as a sum of two Majorana spinors, which we can 
then project onto its anti-chiral part, denoted ej (/ = 1,2), and its chiral part e^. Note that 
here the position of the /-index indicates exclusively the chirality, and these are interchanged 
by complex conjugation, i.e. (ej)* = e^, so the theory has two independent spinorial fields. 



Doing this decomposition, the rule (6.1) can then be written as 



Vae/ = ^jabAhi and V^e^ = ^jabA'^e^ . (6.11) 

Using the spinors one can then construct (cf. chapter [3]) a complex scalar X = ^e^'^ejej, 
three complex 2-forms <I>^' {x = 1,2,3) that will not play any role in what follows, and four 
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real 1-forms = ie^^°'ej. These latter ones form a linearly independent base and can be 
used to write the metric g as 

4\X\^g = VabV''(^V' , (6.12) 
whence ~ L. Given the definitions of the bilinears we can calculate 

dX = , (6.13) 
= AAV" , (6.14) 



meaning that X is just a complex constant. The integrability condition of eq. ( |6.14 ) is 



FAV"" = which, due to the linear-independency of the V"", implies that F = 0. Locally, then, 
we can transform A to zero and introduce coordinates x° such that = 4|Xp dx", resulting 
in a Minkowski metric. Thus, a timelike supersymmetric four-dimensional Lorentzian EW 
space is locally conformal to Minkowski space. 



The conclusion then w.r.t. the timelike solutions to the rule (6.1) is that they are trivial 
in the sense that they are always related by a Weyl transformation to a Lorentzian space 
admitting parallel spinors, i.e. spinors satisfying the rule VaC = 0. 

The analysis of the null cases is more involved, mainly due to a lack of systematics in 
the bilinear^ but also because the bilinear approach to the classification of supersymmetric 
solutions becomes unwieldy for d > 6. Instead of attempting to do a complete analysis in all 
the cases where the bilinear approach can be applied, we shall analyse the cases d = A and 



d = 6 explicitly, and then give some generic comments about the rest in section (6.5). 

6.3 Null M =1 d = 4: solutions 

In view of the explicit case treated in the foregoing section, the natural starting point for this 
analysis would be the null case inM = 2 d = 4. Prior experience with this case in Supergravity, 
however, shows that this is related to the simpler case of = 1 d = 4 Supergravity [122\ . 
a theory for which the vector bilinear L is automatically a null vector, and the spinor is of 



Weyl type. As commented above, the KSE (6.1) is in fact compatible with the truncation of 



e to a chiral spinor, and thus for the rest of this section we shall take e to be a Weyl spinor. 
The first rule one can derive for the bilinear is 

VaLb = -LaAb + iLAgab , (6.15) 

which is enough to see that is a geodesic null vector. Its antisymmetric and symmetric 
parts read 

dL = AaL, (6.16) 
V(„Lt) = + i V • L . (6.17) 

Another bilinear that can be constructed is a 2-form defined as = ^7ab^ |122j . By using 
the propagation rule one can deduce 

Va'^bc = 2^a[bAc] - 2ff„[6$e]d^'' , (6-18) 

which through antisymmetrisation gives rise to 

d$ = 2AA<^ . (6.19) 



The exception is the vector bihnear L, as one can see from eq. (6.8 1 



6.3. NULL M = 1 D = A SOLUTIONS 
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Eq. (6.16) implies that LAdL = 0, whence L is hypersurface orthogonal, and one can use 



the Frobenius theorem to introduce two real functions u and P such that L = e^du. Since 



by eq. (6.16) L has gauge charge 1 under A, one can perform a Weyl-gauge transformation 
to take P = and thus obtain L = du. This further implies that A = T L, where T is 
a real function whose coordinate dependence needs to be deduced, and also that ilA = 0. 
Furthermore, we see that d^L = and V^L = 0, i.e. L is the tangent vector to an affinely 
parametrised null geodesic. 



Observe that one can apply the same reasoning for eq. (6.9) in dimensions different from 
six: as long asd^Gwe can always use a Weyl transformation to fix L = du and write A = T L. 
The fact that in d = 6 the 1-form L is automatically closed has profound implications, as will 



be shown in section (6.4). 



Having fixed the Weyl symmetry, we can now introduce a normalised null tetrad [123] and 
a corresponding coordinate representation by 



(6.20) 



L 


= du , 


L 








N 


= dv + Hdu + wdz + wdz , 


N 


= du - 


- Hdu , 




M 


= Udz , 


M 


= -U' 


' {d, - 


wdu) 


M 


= Udz , 


M 


= -u- 


' (5. - 





for which the metric reads 



L0N + N(g)L - M®M - 
2du {dv + Hdu + zudz + ujdz) 



M (g)M 

|2 



2\U\^dzdz . 



A straightforward calculation shows that the constraint (6.17) implies that 
-duH , = , d^m = , du\U\'^ 



T 







(6.21) 



(6.22) 



so that the only u-dependence resides in the function H, and we have thus determined the 
gauge field A in terms of it. Moreover, in A/" = 1 d = 4 theory one can see that $ = L A M 



(see e.g. eq. (3.68) in chapter [3j). Combining this with eq. (6.19) one has 

= L A dM = diJ Adz Adu , whence U = U{u, z) 



(6.23) 



This result means that we can take ?7 = 1 by a suitable coordinate transformation Z = Z{u, z) 
with dzZ = U, which leaves the chosen form of th e me tric invariant. 

To finish the analysis we shall investigate eq. (6.18). As A ^ L we have that 



~ = , (6.24) 
and we find that Va^bc = 2T <I>a[fe-^c]- Combining this with ^ab = 2L[aMh] we have 



which can be evaluated on the chosen coordinate basis to give 

= dgva — , (6.26) 



L[b|VaM|c] , 



(6.25) 



90 



CHAPTER 6. 'SUPERSYMMETRIC EINSTEIN-WEYL SPACES 



which imphes 



w 



(6.27) 



for B a real function. As is well known, one can then get rid of w altogether by a suitable 
shift of the coordinate v ^ v — B. 

The end result is that, given a Weyl spinor e, any solutiorj^to the equation (6.1 ) is related 
by a Weyl transformation to 



2du (dv + Hdu) — 2dzdz , 
A = —d^H du . 



(6.28) 
(6.29) 



As a matter of fact, this metric is a special case of a more general metric referred to as a 
Kundt metric]^ in the Physics literature (see appendix C.3 for more information). This kind 
of metric appears naturally in the null case of not only Supergravity solutions , but also 
fakeSupergravity ones, as was seen for example in chapters |3] and |4| or in |105j . 



We now return to the topic of pseudo-Riemannian signatures and certain EOMs (the EW 
conditions in this case) being automatically satisfied. Since we are trying to give a prescription 



for EW spaces, we are obviously bound to satisfy eq. (D.8). An explicit calculation shows 



that the integrability conditions (6.6) are automatically satisfied, with the only non-trivial 



component being W(A^, N)Lc'~i^e. Adapting the Fierz identities to the null case scenario one 
obtains the constraint Lc'j'^e = (see e.g. |124| eq. (5.12)]), satisfying this way all of ( |6.6[ ) 

However, one still needs to ensure that the local geometry (6.28) indeed solves all EW con- 
ditions (D.8), and we must therefore impose by hand that W(A^, A^) = 0. A small calculation 



shows that this implies that H must satisfy the following differential equation 



dudvH 



HdtH 



ddH 



(6.30) 



One can easily see that the above equation is invariant under the substitutions u ^ u, 
V —7- A^u, z — >• \z, z ^ Xz and H — t- }?H, which implies that for cases for which if is a 
weighted- homogeneous function, i.e. 



H (^u, X^v, Xz, Xz^ = }? H{u,v, z, z) , 



(6.31) 



there exists a homothety K 



K = 2vd^ + zd + zd 



(6.32) 



It should be noted that it is not the case that every solution to eq. (6.30) is homogeneous, as 
exemplified by the following three solutions. 



uv + \z\ 



ii) H 



2\z\ 



iii) H = vdF + vdF + zduF + zduF , where F = F{u, z) . 



(6.33) 



By solution we refer to a geometry that arises from the existence of a spinor that fulfills eq. (6.1 1. 
^Moreover, it is in the Walker form [96] . 

^Aditionally, one reaches the same conclusion by analysing the sufficiency of the derived constraints arising 
from the KSE. 
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The first two can be seen to be homogeneous, while the third one would only be so for the 
special case that F = zf{u), for any function f{u). 

Moreover, one can see that the field A in example i) is pure gauge, namely A = d{—u'^/2), 
so one can do a conformal rescaling g — )• e'^^g and A = A + duj such that A = 0, i.e. we take 
uj = — The coordinate transformations v = e^t, z = e^y followed by t = s — ue'^\y\'^, 
then takes the metric g to a Minkowski metric. Case i) is thus conformally Minkowski. This 
is however only a particular example, and one cannot generically say that all solutions that 
exhibit an exact Weyl structure {i.e. trivial solutions) are conformally related to flat space. For 
illustrative purposes note that for j4 = the wave profile is of the type H = f{u, z) + /(n, z); 
if one then calculates the Riemannian curvature one obtains i2+o+o = d'^f and = B'^f, 

hence it is not generically a flat space. In the general case A = dw, the wave proflle is 
prescribed tohe H = —vf[u) + K[u, z, z). The requirement for being an EW space dictates 
that duf{u) = —ddK, and the non-vanishing components of the Weyl tensor are 

C+o+o = d^K , C+,+, = B^K , (6.34) 

whence only for cases where d^K = = B^K is our space conformal to Minkowski space. 
Case i) falls under these conditions. 

Furthermore, example iii) above is a Weyl-scalar-flat background. It is a four-dimensional 
generalisation of the three-dimensional Weyl-flat EW geometries obtained in |125j . It gives 
rise to a non-trivial EW space as long as d'^F ^ 0. More about this correspondence will be 
said in section (6.5). 



6.4 Null A/" = (1, 0) d = 6 solutions 



As in the foregoing section, we shall be considering a chiral spinor e. The Fierz identities 
imply that the vector bilinear is null. Moreover, one can also make use of [118j . where the 
supersymmetric solutions of ungauged chiral supergravity in six dimensions, i.e. minimal 
A/" = (1, 0) d = 6 Supergravity |126j . are prescribed. This theory is in itself quite curious, and 
so are the spinor bilinears: there is only a null vector L and a triplet of self-dual 3-forms ^'^^^•^ 
(r = 1, 2, 3). The bilinears are deflned by 



La = 



^abc 



■ r riU c 



ejlabc^J 



5 e/j La 



(6.35) 



0- 



IJ ^abc ' 



where e'^ = e^C denotes the Major ana conjugate. These bilinears satisfy the following Fierz 
relations 



LaL'^ 


= 0, 




= 




= 45 



L A ^> 







b] 



e 



(3) 

rstJJ^a\^t \b] 



cd + e 



t ab 

d] 



(6.36) 
(6.37) 

(6.38) 



With means of eqs. (6.37) and 



We use the rule (16.1 



to ca 



6.38|) one finds that ^>^3^ 



L A K^2)' "^ith ^LK^2) 



0. 



culate the effect of parallel-transporting the bilinears. The 



result is that for an arbitrary vector field X we have 

VxL = -ixAL - ixLA + ilAX , 



-ixA^"" + XAij^t,^'" - AAtx^ 



(6.39) 
(6.40) 
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Prom eq. ( 6.39 ) it is clear that L is a null geodesic, i.e. V^L = 0, and, as we already knew 
from eq. (6.9), that dL = 0. 

Moreover, we introduce a Vielbein, adapted to the null nature of L, in terms of the natural 
coordinates u, v and (m = 1, . . . , 4) 



E+ 
E- 
E^ 



du , 

dv + Hdu + Smdy" 
ej dy^ , 



7+ 



du - 
dv , 



Hdv 



(6.41) 



Srn.dv 



where L = E^ and L = 9^. As usual we can then define the metric on the base-space by 



hr. 



Cm^en, and write the full six-dimensional Kundt metric as 



ds 



(6) 



2du ( dv + Hdu + S] - hmn dy'^dy 



We expand the 2-forms as 2 = ^\jE^ A E^ w.r.t. the above Vielbein, and by choosing the 
light-cone directions such that ^^'^^ = 1 = e^^^^ we see that *(4)K^ = 
(1, l)-tensors through h{VX,Y) = K''(X, y), we can see that eq. (6.38) implies 

_rst it 



(6.42) 

ig the 
K**. Defining the 

(6.43) 



so that the four-dimensional base-space is an almost quaternionic manifold. 

At this point we shall fix part of the Weyl gauge symmetry by imposing the gauge-fixing 
condition z^A = 0; consequently, we can expand the gauge field as 

A = T L + Amdy"" . (6.44) 

Using this expansion and the explicit form of the Vielbein in terms of the coordinates, we can 
analyse eq. (6.39), resulting in 



T 





i dyH 



2 

-2A 
8 h 



(6.45) 
(6.46) 
(6.47) 



Contrary to what is usually the case in (fake)supergravities, we do not know the full v- 
dependence of H, and therefore we cannot completely fix the f-dependence of the unknowns. 
The above results comprise all the information contained in eq. (6.39). 



In order to analyse the content of eq. (6.40) we first take X = L, to find that 

Vl$'' = . 



(6.48) 



When this is evaluated in the chosen coordinate system it implies that 9t,K5^^ = 0. This ap- 
parently innocuous result fixes however the u-dependence of A: from the totally antisymmetric 
part of eq. (6.40) one obtains 

d<^'~ = 2AA<^'' — 



= LA(dK'^ - 2AAK'" 



(6.49) 



where we have introduced the exterior derivative on the base-space d = dy'^dm- As the 
are ^-independent and L = du., we see that the consistency of the above equation also requires 
A to be ^-independent. Thus, we also obtain from eq. (6.46) that 

S = -2vk + w , (6.50) 
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with w a 1-form living on the base-space such that d^Wm = 0. It should be clear from 



eq. (6.49) that the y-dependence of the is given by the equation 



2A A 



whose integrability condition reads 



FAK^ 







(6.51) 



(6.52) 



where we have defined F = dA. Actually, this last equation implies that F is self-dual, i.e. 



F, whence A is a self-dual connection or, in physics-speak, an M-instanton. 



The analysis of eq. (6.40) in the direction X = is straightforward, and leads to the 



following constraints on the spin connection 



K 



kj 





-A. K 



kj 



KL + k: 



ik 



(6.53) 
(6.54) 



By using the results in appendix C.3, we see that eq. (6.53) is automatically satisfied. A 



small investigation of eq. (6.54) shows that it implies the base-space 2-form w+ij E'^ A is 
self-dual. Coupling this observation with eq. (C.34), and taking into account F's self-duality, 
we see that the base-space 2-form 2VL = Qij E'' A E^ , whose components are defined by 



2D 



where Dro = dw — 2A A 



(6.55) 



has to be self-dual, i.e. ★(4) $7 = 



In order to completely drain eq. (6.40) we need to consider X lying on the base-space. 



Let X be such a vector. Then, we find that 



X» A *(4) [A A - A A ixK' 



(6.56) 



where V^'*'-' is the ordinary spin connection on the base-space using the A in eq. (C.34). 

SxY, with the 



7(A) 



Y 



Following [30] we can then introduce a torsionful connection VxY = 
torsion being totally antisymmetric and proportional to the Hodge dual of the 
i.e. 



/i(SxY,Z) 



[*(4)A] (X,Y,Z) 



-gauge field, 
(6.57) 



such that eq. (6.56) can be written compactly as VK*" = 0. Almost quaternionic manifolds 



admitting a torsionful connection parallelising the almost quaternionic structure are called 
hyper-Kdhler Torsion manifolds (HKT), a name that first appeared in |127| to describe the 
geometry of supersymmetric sigma model manifolds with torsion |128j . 



As pointed out in [30j, one can make use of the residual Weyl symmetry in eq. (6.7) with 
w = w{y), i.e. a Weyl transformation depending only on the coordinates of the base-space, 
to gauge-fix the condition d^^A = 0. This immediately implies that the torsion S is closed, and 
the resulting four-dimensional structure is called a closed HKT manifold. Let us mention, 
even though it will not be needed, that the coordinate transformation v ^ v + A(y), induces 
the transformation tj7 — )• + DA. 



Thus far, the analysis has shown that the pair {g,A) admits a solution to eq. (6.1) iff 



g is the metric of a Kundt wave whose base-space is a u-dependent family of HKT spaces. 
Given such a family of spaces we can find the 1-form w by imposing self-duality of the 2-form 



Q in eq. (6.55), and then the only indeterminate element of the metric is the wave profile 
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H. This study has given us the necessary conditions for the existence of a non-trivial spinor 
satisfying eq. (6.1). It remains to be checked that they are also sufficient, which we do by 



direct substitution into (6.1) 



A quick calculation of the (— ) component leads to 6-e = 0, whence the spinor is v- 
independent. The (+)-component, after using the constraint = 0, leads to 



5«e 



, 



where the last step follows from the self-duality of T (cf. eq. ( C.36| )) 



5 i^^J 



(6.58) 



(6.59) 



and the chirality of the spinor e. We thus conclude that the spinor is also u-independent. 



Giving the i components of eq. (6.1) a similar treatment we end up with 

VS^^6 = i%A,e, (6.60) 

where we have defined 7* = 27*, so {7*, 7-'} = 26^^, in order to obtain a purely Riemannian 
spinorial equation. 



As one can readily see from eq. (6.1), the above equation is nothing more than its Rie- 



mannian version for four-dimensional spaces. This kind of spinorial equations was studied by 
Moroianu in |129j . who investigated Riemannian Weyl geometries admitting spinorial fields 
parallel w.r.t. the Weyl connection. For d 7^ 4 it was found that any such Weyl structure was 
closed, whereas in d = 4 the HKT structure outlined above was prescribed. Furthermore, 
it was shown that if the four-dimensional space is compact, then the HKT structure is con- 
formally related to either a flat torus, a K3 manifold or the Hopf surface x with the 
standard locally-flat metric (see e.g. |130| ). 



The integrability condition for eq. (6.60) implies that the Ricci tensor of the metric h has 
to satisfy 



hij ( V^^^^A, 



2A^ 



(6.61) 



which by comparison with eq. (6.4) it is equivalent to saying that the pair {h,A) forms a 
Ricci- flat Weyl geometry i.e. W(jj) = 0. 



As we did in section (6.3), we impose the Einstein- Weyl equations in those directions 
in which they are not trivially satisfied, i.e. in the (++)-direction. This fixes the function 
H, which was otherwise unknown. Furthermore, we would like to impose the simplifying 
restriction that the HKT structure on the base-space does not depend on u. We take this 
route because of the difficulty of finding analytic solutions to the differential equation resulting 
from a u-dependent base-space. A calculation of the (++)-components of the EW equations 
then shows that 



26, 6^ H 



Vf ) - SiO. - 4Ai ) {di - S,e. - 2Ai) H 



(6.62) 



where we have allowed for a u-dependence of H. 

To summarise, any solution to the AA = (l,0)(i = 6 null problem is once again prescribed 
by a Kundt wave of the form eq. (6.42) constrained by eqs. (6.50), (6.55) and (6.62), whose 
four-dimensional base-space is given by a ^-independent closed HKT manifold subject to 
eqs. (6.61), and the gauge connection being an M-instanton. 



6.5. REMAINING NULL CASES 



95 



6.5 Remaining null cases 



Having treated the null cases in d = 4 and d = 6, we now make some general comments for the 
null class in other dimensions. Since performing the complete bilinear analysis is a daunting 
task, and in view of the wave-like nature of the null case solutions above, we shall write down 



a similar Ansatz for the metric. Furthermore, as was pointed out in section (6.3), as long as 
d ^ 6 we can use a Weyl transformation to introduce a coordinate u such that L = du and 
A = T L. Choosing then the coordinate v to be aligned with the flow of L (= d^), one can 
introduce base-space coordinates (m = 1, . . . , d — 2) and a Vielbein similar to the one in 



eq. (C.29), so that the metric is of the form 

2du {dv + Hdu + Smdy^ 



hmn dy'^dy'^ 



(6.63) 



where hr, 



This is by definition a Kundt metric, and evaluating the symmetric part 



of eq. (6.8) in this coordinate system, we get the following restrictions 

2 



T 



d-2 







dyhf] 







(6.64) 



so that the whole u-dependence resides exclusively in H and T, which implies that eq. ( 6.63| ) 
is actually in the Walker form |96j . Following the notation of section 6.4, we shall call the 
^-independent part of S by tu, so that in the d ^ 6 case we have S 



w. 



With this information and the constraint of n-independence imposed, we can proceed to 
analyse the spinorial rule. The KSE in the f-direction is automatically satisfied, i.e. dyC = 0, 
and the remaining directions read 





due 



(6.65) 
(6.66) 



Eq. (6.65) clearly states that the base-space must be a Riemannian manifold of special holon- 



omy. The integrability condition of the above two equations is 







Vf)(dzZ7) 



kl 



which implies 



tx7 7 e 







(6.67) 



(6.68) 



so thalj^d^dro = 0. Using the coordinate transformation v ^ v + A(y), one can always take 
d^w = 0, whence zu S Harm^(;B), i.e. -cu is a harmonic 1-form on the base-spac^ 

Given this input, the condition for such a pair {g, A) to be an Einstein- Weyl manifold is 



2dudyH - 2HdlH + 2 



d 



4 9 



w 



9iH 



(6.69) 



d-2 

The factor on the RHS of the above equations becomes, in the w = limit, the d'Alembertian 
on the base-space, and it makes contact with eq. (6.30). This shows that the d = 4 case is a 



subcase of the general one studied in this section, where one was allowed to use the 2-form 
^> to get rid of 5. d = 6, however, is an independent case, where the characteristic behaviour 



of the theory in that dimension (see e.g. eq. (6.9)) nurtures the closed HKT structure. 



The same constraint can be obtained through an exphcit evaluation of the Einstein- Weyl equations. 
^Bochner's theorem states that any harmonic 1-form on a compact oriented Ricci-flat manifold is parallel, 



which by eq. (6.66 1 implies that in such a case the Killing spinor is u-independent. In the non-compact case 
however there is no such a theorem, as can be seen by taking the base-space to be R**"^ and 2-cu = fmnx" 
where the fmm are constants. 
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6.6 Summary of the chapter 

In this chapter we have presented a characterisation of supersymmetric Einstein- Weyl spaces 
with Lorentzian signature in arbitrary dimensions. We have done this by making use of the 
techniques developed for the classification of SUGRA solutions. In particular, we assumed 



the existence of a spinor e satisfying eq. (6.1). It is in this sense that our solutions have a 



supersymmetric character. We then proceeded to build and analyse the bilinears that can be 
constructed from e, which shape the resulting geometry. 

We have found that for most dimensions those spaces arising from a vector bilinear which 
is timelike are trivial, in the sense that they are conformally related to a space admitting a 
parallel spinor. The odd duck in the pond is the four-dimensional case, for which the only 
timelike solution actually turns out to be Minkowski space, which coincides with which was 
already known [120j . The null class solutions are given by a Kundt metric and a prescribed 
Weyl gauge field. For the d = 6 case, we also find that the base-space is a closed Hyper- 
Kahler Torsion manifold. Furthermore, it is inspiring that our d = 3 characterisation contains 
a solution to a three-dimensional Weyl-scalar-flat Lorentzian EW space that was previously 
presented in [125] . 

In said article, Calderbank and Dunajski derived the possible forms of three-dimensional 
scalar-flat Lorentzian EW spaces, and found that, up to Weyl and coordinate transformations. 



there are only two possible metric classes. In our construction, due to eq. (6.5) and the results 
obtained so far, one can see that the scalar curvature is given by 

2d 

W = ^ d'H , (6.70) 
so that the scalar-flat supersymmetric Lorentzian EW spaces are given by a function H which 



is at most linear in v. It then follows that the d = 3, W = approximation of eqs. (6.63) 



and (6.64) is one of the cases presented by the authors, namely the hi in [125^ Prop. 2]. As 



shown in |13H sec. 10.3.1.3], this is the unique class of (l,2)-dimensional EW spaces admitting 
a weighted covariantly constant null vector. This supersymmetric class can be obtained by 
the Jones- Tod construction |106j on a conformal space of neutral signature admitting an 
antiself-dual Null-Kahler structure |131j . a geometric structure which admits a Killing spinor. 
Furthermore, once one takes into account that one can perform coordinate transformations 



such that h = 1 and txx = 0, eq. (6.69) for d = 3 then corresponds to the dispersionless 



Kadomtsev-Petviashvili equation [ 132| 1133] . 

The fact that we only obtain one of the solution classes from said article is indicative that 



the world of Lorentzian EW spaces is richer than the ones obtainable as solutions to eq. (6.1 ) 
{i.e. that there are also 'non-supersymmetric' EW spaces), and hence our classification does 
not aim at solving the mathematical problem of characterising the whole spectrum. A natural 



question is whether there are equations like (6.1) whose integr ability condition leads to more 



general EW spaces. In any case, the construction shows that the supersymmetric formalism 
allows us to generalise and extend solutions that were obtained through other geometric 
methods. 



Anexo I 

Introduccion 



El trabajo recogido en esta tesis doctoral ha estado centrado en la obtencion de soluciones a 
varias teorias de interes fisico-teorico y matematico, a traves de tecnicas e ideas caracteristicas 
del campo de la Supergravedad (SUGRA). Estas tecnicas surgen originariamente del programa 
de clasificacion de soluciones supersimetricas a las mismas, que se explican brevemente en el 
anexo [11} Pasamos ahora a ofrecer una breve introduccion sobre la SUGRA, en el contexto de 
la fisica contemporanea de Gravitacion y Particulas. 

De forma muy basica, la Supergravedad se puede definir como una construccion teorica 
donde se junta la Relatividad General con la Supersimetria (SUSY). La Relatividad General 
es la teoria de gravitacion que Einstein propuso en 1915, donde se enfatiza el papel que la 
Geometria (Matematicas) juega en la Fisica, y en que las transformaciones de coordenadas en 
cada punto (difeomorfismos locales) son esencia misma de la teoria. La SUSY fue introducida 
de forma independiente por los investigadores Golfand & Likhtman, Volkov & Akulov y Wess 
&; Zumino entre 1971 y 1974, y es una simetn'a que relaciona particulas bosonicas (aquellas 
que tienen un niimero de espm entero) con particulas fermionicas (con niimero de espi'n=n/2, 
donde n es un mimero impar, e.g. 1/2, 3/2, ...). 

Las primeras construcciones de SUGRA se pueden trazar en torno a 1973-1975, cuando los 
cientfficos Volkov, Akulov y Soroka, a lo largo de varios arti'culos, propusieron unos modelos 
para gaugear las transformaciones supersimetricas. Esto significa que estas transformaciones, 
que hasta ese momento eran globables o rigidas, pasan a ser locales, de forma que en cada 
punto del espacio-tiempo se puede hacer una transformacion distinta. Esto, unido a un 
mecanismo de Higgs que desarrollaron para SUGRA (en que los 'fermiones de Goldstone', 
de espm 1/2, son comidos) da lugar a una particula masiva de espfn 3/2, llamada el campo 
de Rarita-Schwinger, y supone una realizacion no-lineal de las transformaciones. El primer 
modelo de SUGRA cuatri-dimensional lineal lo construyeron en 1976 Ferrara, Freedman y 
Van Nieuwenhuizen, y tambien Deser y Zumino. En sus respectivos arti'culos, estudiaron la 
teoria de campos (con interacciones) de lo que especularon serfan la particula que mediaria en 
la interaccion gravitacional, el graviton, de espin 2. Este ya habia aparecido con anterioridad 
en la teoria de representaciones del algebra global de Super- Poincare (que contenfa ademas su 
compaiiero supersimetrico de espin 3/2, tambien conocido como gravitino), pero lo novedoso 
en este caso es que ademas demostraban que su accion eran invariante bajo transformaciones 
locales de supersimetria. 

La SUGRA gano mucha fama cuando se penso que su version en 11 dimensiones, propuesta 
por Cremmer, Julia y Scherk, podia servir como candidata a una Teoria del Todo. En ultima 
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instancia se demostro que esto no podi'a ser asi, y que en realidad la SUGRA tenia que ser 
un h'mite de bajas energias de la Teoria de Cuerdas. En concrete, las SUGRAs en 10 y 
11 dimensiones son teorias de campos efectivas para particulas sin masa, y a nivel arbol, 
y por tanto sus soluciones describen el comportamiento de materia cuerdosa en distancias 
largas (i.e. baja energi'a). Es por esto que el estudio de las construcciones de SUGRA han 
sido, y siguen siendo, muy importantes en Teon'a de Cuerdas, ya que sus soluciones son un 
pilar fundamental para el desarollo de la misma. Pero incluso de forma independiente de 
las cuerdas, las teon'as de SUGRA parecen ser de gran utilidad. Investigaciones recientes 
parecen sugerir la viabilidad de determinadas teorias extendidas de SUGRA como teorias 
de gravedad cuantica [134j . Esto seria un gran avance, ya que el problema de la gravedad 
cuantica lleva intentando resolverse desde tiempos de Einstein. Es por tanto que la SUGRA, 
y sus soluciones, siguen ofreciendo una puntera Ifnea de investigacion a traves de la cual poder 
dilucidar algunos de los misterios de la Naturaleza. 

Por ejemplo, las teorias de Supergravedad se han analizado para obtener soluciones clasicas 
y supersimetricas, que representan agujeros negros en 4 y 5 dimensiones. Estas teorias (de las 
que el agujero negro es solucion) se pueden relacionar con teorias de SUGRA de dimensiones 
mas altas por medio de una tecnica conocida como oxidacion dimensional. Segiin hemos 
explicado, estas SUGRAs de dimensiones altas (d=10 o d=ll, generalmente) representan 
un limite de bajas energias de teorias de supercuerdas de la misma dimensionalidad, lo que 
permite relacionar la solucion del agujero negro original con un vacio de cuerdas. Operar en 
esta teoria de supercuerdas (que es una teoria cuantica de campos) no es una tarea sencilla, 
ya que las correciones cuanticas que surgen en dicha teoria lo complica enormemente. Tanto 
que a dia de hoy todavia no se sabe bien como contar el mimero de estados microscopicos de 
sus vacios. Sin embargo, las soluciones supersimetricas salen al rescate, ya que precisamente 
estas son estables bajo dichas correciones cuanticas, lo que permite poder contar el niimero de 
estados microscopicos de tal vacio. Esto es un muy notable calculo de la entropia microscopica 
de agujeros negros supersimetricos, que supuso un verdadero hito cuando se realize para 
una clase de agujeros negros extremes en 5 dimensiones, ya que coincidia con el valor de 
la entropia macroscopica predicha por Bekenstein y Hawking [T3]. En vista de esto, y otras 
impactantes e influyentes ideas, como la existencia de dualidades no perturbativas entre teorias 
de supercuerdas, o la conjetura AdS/CFTj^y sus generalizaciones, es logico que a lo largo 
de los alios se hayan realizado numerosos esfuerzos en el estudio de teorias de SUGRA. 

Para mas merito, si la Supersimetria es una simetria real de la Naturalezsj^ algo de lo que 
probablemente haya indicios en el LHC del CERN en los proximos aiios, la Supergravedad 
gozaria de un papel fundamental. En dicho caso las soluciones supersimetricas sean segura- 
mente buenas aproximaciones al vacio o los vacios de la Teoria de Cuerdas que describan la 
realidad a escalas de energias altas, y esto haria ademas de la SUGRA una pieza clave en la 
construccion de modelos fenomenologicos de Fisica de Particulas, y en la unificacion de las 
interacciones. 



^Esta establece una correspondencia entre una teon'a de cuerdas sobre una solucion maximalmente simetrica 
y maximalmente supersimetrica (el producto geometrico entre el espacio AdS^ y una 5-esfera), y una teoria 
maximalmente supersimetrica de tipo Yang-Mills sobre el producto de una Imea y una 3-esfera, que uno 
identifica como el contorno del espacio AdS^. Se la llama tambien la correspondencia Gravedad/ Teorias 
gauge, o Correspondencia de Maldacena |18) . 

^Aunque esta este rota a nuestra escala de energias. 
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Resumen 



En este anexo comentamos brevemente las tecnicas e ideas que dan lugar al trabajo expuesto 
en esta tesis doctoral. Comenzamos con un resumen sobre el 'formalismo bilineal' y el 'formal- 
ismo de la geometria espinorial', que motivan los problemas estudiados durante mi doctorado, 
para terminar describiendo los resultados de los capftulos |3j |4j [5] y |6j 

En el anexo [Ijhemos discurrido sobre el interes de obtener soluciones supersimetricas. En el 
articulo [1] se propuso un metodo para obtener este tipo de soluciones en la teoria de SUGRA 
cinco-dimensional minima, basandose en la existencia de un espinor de Killing (tal espinor 
no debe entenderse como un campo fermionico, si no que se trata de un espinor clasico, de 
caracter geometrico). Este sirve de parametro respecto al cual la variacion supersimetrica del 
gravitino es cero, dando lugar a la conocida como 'ecuacion del espinor de Killing' (KSE). En 
terminos puramente geometricos, esta no es mas que una condicion de parelizacion del espinor, 
que surge a rai'z del algebra de SUSY. El siguiente paso es construir campos bilineales en tal 
espinor, y usar las identidades de Fierz para obtener relaciones algebraicas entre esos campos. 
Esto permite obtener la forma mas general de la geometria y los flujos de las soluciones. Estas 
son supersimetricas por construccion (ya que asumen la existencia de al menos un espinor 
de Killing), y estan completamente determinadas en funcion de dichas condiciones. Se puede 
encontrar un resumen de este metodo en la seccion 2.1 de estas paginas. 

Asi mismo, en [2] se propuso un metodo cuyo objetivo era el mismo, pero en el que se 
elimina la complejidad que supone usar matrices Gamma en escenarios multi-dimensionales. 
Este formalismo interpreta los campos espinoriales de la teorfa en funcion de formas diferen- 
ciales (mas una accion de las matrices Gamma sobre ellas, tambien expresada en funcion de 
formas). En lugar de construir bilineales de los que extraer las condiciones de geometrizacion 
de las soluciones, el metodo implica resolver las KSEs directamente, y leer de ellas la ge- 
ometria y los flujos resultantes. La seccion 2/1 ofrece un resumen de este metodo, ademas de 
contener una resolucion del mismo problema descrito arriba, esta vez usando esta alternativa. 
Se puede ver que los resultados obtenidos son los mismos. 

Ambos metodos han sido extensamente usados para el estudio y clasificacion de soluciones 
supersimetricas de multiples teorias, con y sin materia, dando lugar a un buen mimero de 
resultados, e.g. [ESI EH ESI [Ml IMI-IMl ED [HZl El-Ea Il22l ESI [6^. Sin embargo, el uso 
de estos metodos durante mis estudios doctorales ha estado encaminado a objetivos distintos. 
En lugar de obtener Ansatze de soluciones supersimetricas a partir de la KSE, proponemos 
una condicion de paralelizacion alternativa para los espinores. Esta es elegida de modo que 
la accion de la teorfa tenga una constante cosmologica de tipo De Sitter (signo positivo) , en 
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lugar de las Minkowski (valor cero) y AdS (signo negativo) que, salvo casos contados, son 
las linicas posibilidades que hay en las teorias de SUGRA genuinas [32l [33] . Esto implica 
que las teorias detras de estas construcciones no son supersimetricas, y han sido previamente 
bautizadas como Teorias de Supergravedad falsas (fakeSUGRA o fSUGRA). Sus soluciones, 
que no son supersimetricas, son en cualquier caso de gran interes fi'sico, ya que resuelven 
las ecuaciones de Einstein-Maxwell-De Sitter. Esto es interesante puesto que resolver estas 
ecuaciones no es una tarea sencilla; tanto que a pesar de que el problema se conoce desde hace 
mas de 60 aiios, apenas hay ejemplos que lo hagan. Ademas, segiin modelos cosmologicos 
recientes, el Universo estaria descrito por un Lagrangiano con una constante cosmologica de 
este tipo, con un valor absoluto muy pequeho. 

En este sentido, hemos usado ambos formalismos para caracterizar soluciones de teorias 
en cuatro y cinco dimensiones. Al igual que ocurre con la clasificacion de soluciones super- 
simetricas en SUGRA, tambien aqui separamos nuestro estudio en funcion de la norma del 
vector que se construye como un bilineal de los espinores que satisfacen la KSE. Asf, distin- 
guimos entre el caso timelike, cuando la norma del vector es positiva, o caso nulo, cuando la 
misma es cero. En el caso de fSUGRA cuatri-dimensional acoplada a vectores no-Abelianos, 
estudiada en el capi'tulo [3j encontramos que las soluciones para el caso timelike vienen dadas 
por una metrica de tipo conforma-estacionaria 

ds^ = 2|X|2 {dT + hmndy'^dy'' , (III) 

con la particularidad de que esta conlleva una dependencia en el tiempo. Dicha dependencia 
coincide con la que propusieron Behrndt y Cvetic en [2B] para generar soluciones a partir 
de las supersimetricas conocidas en M = 2 d = A SUGRA. Ademas, encontramos que el 
espacio-base con metrica hmn es una subclase de espacios Einstein- Weyl tri-dimensionales, 
llamados espacios hyper-CR o Gauduchon-Tod [28j. Para el caso nulo encontramos que las 
soluciones tienen holonomia dentro del grupo Sim{2), cuyo interes esta fundamentado en 
que las soluciones puramente gravitacionales con esta caracten'stica no reciben correciones 
cuanticas |104j . 

Asf mismo, en el capitulo |4] se estudia la clasificacion del caso nulo a la teoria de fSUGRA 



minima en cinco dimensiones. La solucion viene dada por las ecuaciones (4.72), (4.73), y, al 
igual que en el caso nulo en cuatro dimensiones, esta incluye el caso especial donde el vector 
nulo N es recurrente, i.e. 

V^iV^ = Cf.N'' , (II.2) 

que implica que la geometria resultante (la conexion de Levi-Civita) tiene holonomia especial 
Sim{3). Por su parte, el capftulo [5] contiene el analisis de la clasificacion de la teoria de 
fSUGRA cinco-dimensional acoplada a vectores Abelianos. Esta es una generalizacion de la 
estudiada en el capftulo anterior, y en este sentido la contiene. Obtenemos que la estructura 



geometrica viene determinada por las ecuaciones (5.137), (5.138), y que la condicion de recur- 
rencia para V^''~^' esta dada por B = 0. En dicho caso, el valor de la norma de X determina 
si el espacio Gauduchon-Tod tri-dimensional es piano o por el contrario la 3-esfera. Ademas, 
encontramos que para un valor de X'^ — Q^'^VjVj constante volvemos a tener invariantes 
escalares algebraicos, en el sentido de |104j . 

Para finalizar, discurrimos sobre como utilizar el mismo concepto en otros contextos, 
cambiando la condicion de paralelizacion del espinor para obtener distintos resultados. En 
este sentido, el capftulo [6] contiene una clasificacion de espacios Lorentzianos de tipo Einstein- 
Weyl (EW) , que son de interes entre la comunidad matematica. Nuestras soluciones se basan 
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en la existencia de un espinor paralelo bajo una determinada conexion, de tal modo que su 
condicion de integrabilidad da lugar a la ecuacion para espacios EW. Aplicamos entonces las 
mismas tecnicas (caso timelike y caso nulo), que nos permiten asi encontrar que para el caso 
timelike en cualquier dimension menos en d = 4, estos son conformes a espacios Lorentzianos 
que admiten espinores paralelos. Estos fueron parcialmente clasificados por Bryant en [120j . 
El caso cuatri-dimensional viene dado por M^'^, como ya se explicaba en dicha referenda. Las 
soluciones en la clase nula vienen dadas por metricas Kundt y un vector gauge de tipo Weyl, 
distintos en funcion de la dimensionalidad de la teorfa. 

Un punto interesante es que nuestro analisis en tres dimensiones contiene una general- 
izacion de una de las dos metricas con escalar de Weyl piano estudiadas por Calderbank 
y Dunajski en |125j . No contiene sin embargo la otra, ya que nuestro metodo se basa en 
la existencia de un espinor paralelo, y esto limita el espectro de soluciones que se pueden 
obtener. En cualquier caso, se tratan de resultados nunca antes publicados, a los que se ha 
podido acceder por medio de tecnicas caracterfsticas del estudio de soluciones supersimetricas 
a teorfas de SUGRA. 

El apendice [A| contiene las convenciones usadas en los capitulos centrales, tanto la relativa 
al calculo tensorial como sobre las estructuras espinoriales y los bilineales espinoriales e iden- 
tidades de Fierz. El apendice [B] ofrece informacion sobre las distintas variedades de escalares 
relevantes en las teorfas estudiadas. El [C] contiene detalles tecnicos sobre la geometrfa de 
los casos nulos, asf como sobre las metricas Kundt, que aparecen de forma reiterada como 
soluciones en estas clases. El apendice |D] ofrece una pequeha introduccion a la geometrfa de 
Weyl y a los espacios Einstein- Weyl y Gauduchon-Tod, mientras que el |E] contiene detalles 
tecnicos sobre el grupo Sim, asf como sobre su relacion con teorfas con vectores recurrentes, 
cuya conexion tiene un grupo de holonomfa que es un subgrupo del mismo. Por ultimo, el 
apendice [F| es una pequeiia introduccion a los grupos de Lorentz y espfn, y su relacion 2 a 1. 
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Appendix A 

Conventions 



The conventions and definitions used in this thesis are taken from the respective research 
articles which conform the central chapters of this work. They are contained in this appendix 
for reference and completeness. Appendix A.l gives those related to the tensorial calculus. 
Appendix A. 2 presents the spinorial structures of the theories considered. In particular, it 
contains the conventions used for the gamma matrices and the spinors. The spinor bilinears 
and Fierz identities, which are fundamental to the first of the formalisms, are presented in 



appendix A. 3 



A.l Tensor conventions 



Different notations and conventions have been used for different chapters. This is due to 
having used different methods to attack the classification of fSUGRAs. While in principle 
there is no relation between the method employed and the notations/ conventions used, the 
analyses considered previous published works in order to reduce the load of work. Hence the 
conventions taken are those of the previous articles, which unfortunately do not agree. We 
present both sets for completeness. 



A. 1.1 Tensor conventions for the bilinear formalism 

Chapters [sj |4] and [g] all employ the notation of [29j. The conventions, however, are slightly 
different. Those of chapter [3] are taken from |124j . which in turn are based on |74j . to which 
we have adapted the formulae of |29j . The difference between the two is the sign of the 
spin connection, of the completely antisymmetric tensor e°'^'^'^ and of 75. Thus, chiralities are 
reversed and self-dual tensors are replaced by antiself-dual tensors, and viceversa. The cur- 
vatures are identical. Also, all fermions and supersymmetry parameters from [29] have been 
rescaled by a factor of 1/2, which introduces additional factors of 1/4 in all the supersymme- 
try transformations of the bosonic fields. Furthermore, the normalization of forms differs by 



a factor of n! (see eq. (A.4) below for our choice), which induces an additional factor of 2 in 
the supersymmetry transformations of the vectors. 

The five-dimensional conventions of chapter |4] are those used in |107j . Those, in turn, 
come from |138j . having changed the sign of the metric to have mostly minus signature, 
multiplying all the gamma matrices 7" by +i and all the 7a by —i and setting k = 1/^/2. 



They are essentially the same as in four dimensions above, including the additional space 
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coordinate. We proceed to describe them. 

We use Greek letters n,iy,p,... to denote curved tensor indices in a coordinate basis, 
and Latin letters a,b,c. . . as flat tensor indices in a Vielbein basis. We symmetrize ( ) and 
antisymmetrize [ ] with weight one, i.e. dividing by n!, where n is the number of indices inside 
the bracket, e.g. 

■^[ai 02 -^61] = gr (^ai 02 ^bi + ^02 61 -^01 + ^61 01 -S02 

^02 oi ^bi ^ bi ^ 02 -^oi 



We use a mostly minus signature diag(+, [—]'*"''"). f] is the Minkowski metric and we denote 
a general metric by g. Flat and curved indices are related by tetrads and their inverses 
e"y^, thus satisfying 

ea^eb'g^,^ = r]ab , e''^,e^^r]ab = Qfiv ■ (A.2) 
We define the (Hodge) dual of a completely antisymmetric tensor of rank k, F^j,-^, by 

Differential forms of rank A; are normalized as follows: 

= hPi^k)^.,■■■^.,dx^'^ A • • • A dx^>' . (A.4) 

V is the total (general and Lorentz) covariant derivative, whose action on tensors and 
spinors ■0 we choose to be given by 



(A.5) 



V^Wa = d^Wa - Wb a;^,a^ , (A.6) 

where 'jab is the antisymmetric product of two gamma matrices, i.e. 

lab = 7[o 76] = ^ (7o 76 - 76 7o) , (A.7) 

(-o^fi"" is the spin connection (antisymmetric in the last two indices) and F^p^^ is the affine 
connection (symmetric in the first two indices). From this point on we shall not include the 
comma, in order to avoid cluttering of indices. 
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The respective curvatures, for torsionless connectfons, are defined through the Ricci iden- 
tities 



and given in terms of the connections by 



(Ai 



Rfj.i/a^{(^) 

These two connections are related by 
where the Vielbein postulate 



— r -\-p ''8 e " 



Vaea" = 



has been used. This, in turn, implies that the curvatures are related by 

Rpup'^iT) = ep'^e^R^uaiu:) . 



(A.9) 

(A.IO) 
(A.ll) 

(A.12) 



Finally, metric compatibility and torsionlessness fully determine the connections to be of the 
form 



r P 



ujabc = -^abc + ^bca " ^cab , where ^ab" = eb"" d]^^e'' . 
The indices used in these chapters are explained in the following table. 



(A.13) 



Type 


Associated structure 




Curved space 


a,h, ... 


Tangent space 


m,n, . . . 


Cartesian M"^ indices 


^5 J; • • -5 ^ ! J ? • • • 


Complex scalar fields and their conjugates. 


A,S,... 


sp(n + 1) indices 


I, J,... 


M spinor indices 



Table A.l: Meaning of the indices employed in the bilinear formalism. 



Further conventions for d = 4 

The particularities of the four-dimensional theory induce the existence of (anti) self-dual 
forms. This implies that there are certain formulae which only hold in this case, and which 
have been used in chapter [3| The four-dimensional fully antisymmetric tensor is defined in 
flat indices by 

e0123 = +1 ^ eoi23 = -1 , (A. 14) 
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and in curved indices by 



(A.15) 



thus, with upper indices, it is independent of the metric and has the same value as with flat 
indices. 

For any 2-form, we define the imaginary (anti-)selfdual 2-forms 



For any two 2-forms F, G we have 



. 



(A.16) 



(A.17) 



A small identity that comes in useful when considering the stress-energy tensor for a number 
of field strengths is 



r(^^) = F^.^ F^^f - \ g^, F^p F^'^P = 2Ff^+ F^r" • 



(A.18) 



Given any non-null 2-form F, i.e. Ff^^F^^^ / 0, and a non-null 1-form V = Vp^dx^, we can 
express F in the form 

F = -V-^[E AV-i<{BA V)] , (A.19) 
where E = lyF (= V^^F^i/dx") and B = lyk F. For the complex combinations F"^ we have 



± 



(A.20) 



with C^ = ivF^. 

If we have a (real) null vector l^, we can always add three more null vectors n^, m^, m*'^ 
to construct a complex null tetrad such that the local metric in this basis takes the form 



/ 1 \ 

10 

-1 

V -1 / 



(A.21) 



with the ordering (^,n, m, m*). For the local volume element we obtain e'""^"^* = i. With 
the dual basis of 1-forms {t, n, rh, m*^ we can construct three independent complex self-dual 
2-forms that we choose to normalize as follows: 

$(1) = ZAm* 



$(2) = l[l A h + rh A m*] , 
$(3) = —fiArh. 



(A.22) 



Any self-dual 2-form F"^ can be written as a linear combination of these, with complex 
coefficients 

F+ = Ci$W . (A.23) 



A.2. SPINORIAL STRUCTURES 
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The coefficients Cj can be found by contracting with P,n^,m^,m*^, i.e. 

vyP^y^ = cim* + \c2n^ , 

(A.24) 

m*''F+^f, = -|c2m*-C3n^. 

A. 1.2 Tensor conventions for the spinorial geometry formalism 

Chapter [5] employs the spinorial geometry method. The notation is different from that of the 
spinor-bilinear case. In particular, the following equivalences hold 



Spinorial geometry notation 


Spinor-bilinear notation 


index M 


index a 


index / 


index A 


CljK 


(-16 /V^)CijK 


Xi 


hi 


X' 


{-V3/2)h' 


Qij 


2 a/ J 




(l/2)a^-^ 


V' 


$ 


9V1 


-(45/3)^/ 


Fab 


{l/2)Fab 



Table A. 2: Equivalence between notation employed in the two formalisms. 



The conventions used are those of |139j . In particular, the form of the covariant derivative 
takes on the form 

v^^ = 9^r+^ve^ (A.25) 

where 

r%M = Ig'^'idi.gpa + dpg^^ - d„gp^) , (A.26) 

and the symmetry is clearly on the last two indices. The Riemann curvature tensor is defined 
as 

R^afiu — d^T^i/cr dyT^ + r^'^^r y(j r^'^^r . (A. 27) 

This implies that the curvature scalar R has the opposite sign to that of chapters [3j |4] and |6j 

A. 2 Spinorial structures 

We give the conventions used for the spinorial structure of a general Lorentzian manifold 
of dimension (l,(i — 1). This is general for all chapters, and especially important for those 
that make use of the bilinear formalism. In this sense, there is also a general proof for the 



108 



APPENDIX A. CONVENTIONS 



positive-semidefiniteness (for Lorentzian spacetimes) of the vector bilinear, which in turn 
explain why we consider timelike and null cases in our classification. Notice that chapter [6] 
has a Dirac conjugation matrix equal to P = 70, while in chapters [s] and |4] this is V = 27". 
The particularities that apply to these latter cases are given in appendix | A . 2 . 1 1 for d = 4, and 
appendix A.2.2| for d = 5. 



On M}'^ ^ we shall put the mostly-negative metric r] = diag(+, [— ^) and take the 
Gamma matrices to satisfy 

{7a, 7b} = 27?„fe 1 . (A.28) 
We use a unitary representation for these matrices, which implies that 7J = 70 and 7I = —ji- 

In chapter [6] we have chosen the Dirac conjugation matrix P = 70, and we define the 
Dirac conjugate of a spinor tp hy iIj = il'^'D, to obtain 

VjaV-' = 7I , VjabV-' = -7I, . (A.29) 

Defining the 1-form L = Lae"" by means of La = ip'jaip, it is then automatically real, i.e. 



LI = {V^aT r = ^la^ V = (Vja)^ ^ = ^V'^^tlV^ = ^^a^ = La , (A.30) 

where a perhaps expected —1 sign in the third step is absent as we are dealing with classical 
[i.e. commuting) spinors. In terms of the components we have that La = e^P7ae and it is 
clear that Lq = e^e. Furthermore, we can always rotate the spatial components of L in such 
a way that only the first component is non- vanishing. This then implies that 

g{L,L) = Ll - Li. (A.31) 

Li = e^7oie and if we combine this with = 701, 70^ = 1 and Tr(7oi) = we can use a 
S0([n/2j) rotation to write 701 = diag([+] L^/^J ^ [_]L"/2J)_ Decomposing the spinor w.r.t. the 
structure of 701 as e* = (f , w), where v and w are vectors in Cl-"/^J , we see that 

Lo = + Ll = \v\'^-\w\'^ — > g{L,L) = 4|i;p|u;P , (A.32) 

which implies the positive-definiteness of \L\^. 

A. 2.1 Gamma matrices and spinors in S0(l,3) 

We work with a unitary, purely imaginary representation of the Gamma matrices 7" 

(7")* = -7" , (A.33) 
and the same convention for their anticommutator as above. Thus, 

/^V = 7''^ = (7'')-' = 7a. (A.34) 
Because of the even dimensionality of the theory, there is a chirality matrix, which is defined 

by 

75 = -i^^-iWl^ = l^abcdl'^lHl^ , (A.35) 



A.2. SPINORIAL STRUCTURES 



109 



and satisfies 

75^ = -75* = 75 , (75)' = 1 • (A.36) 
With such a chirahty matrix, we have the identity 

= (4_^)! . (A.37) 

Our convention for Dirac conjugation is 

iP^ = ^ = ^P^V, (A.38) 

where in this case we have taken D = i'jQ. We use 4-component chiral spinors. In = 2 
theory, the chirahty is related to the position of the S'C/(2)-indices and S'p(n/i/2)-indices as 
follows (see table A.l): 

75V'7m = -V'/m , 75 A^' = +A^^ , 7567 = -ei . (A.39) 
Both (chirahty and position of the index) are reversed under complex conjugation: 

75^-'/. = , 75A/** = -A/* , 75^ = +C , 75e' = . (A.40) 
We take this fact into account when Dirac-conjugating chiral spinors: 

= iiei)^o , e^s = , etc. (A.41) 

A. 2. 2 Gamma matrices and spinors in S0(l,4) 

In five dimensions, the first four of the Gamma matrices are taken to be identical to the 
four-dimensional purely imaginary Gamma matrices 7", ...,7^ satisfying 

{7^7'} = 2r?'^'l , (A.42) 



and the fifth is 7^ = —7*^123^ jg purely real. The Clifford algebra anticommutator (A. 28) 
is still valid for a = 0, • • • ,4. Furthermore, 7'^i'""5 = gO^i ^^s g^j^d in general 

(_1)M/2J 

" (5-d)! "-'^h-bs-a ■ (A.43) 

7" is Hermitean and the other Gammas are anti-Hermitean, thus having a unitary represen- 
tation. 

To explain our convention for symplectic-Majorana spinors, let us start by defining the 
Dirac, complex and charge conjugation matrices 'D±,B±,C±. By definition they satisfy |74j 

p^7'^p-i = ±7"t ^ IS^^aj^-i ^^^a* ^ C±7"C±^ = ±7^^^ . (A.44) 
The natural choice for a real Dirac conjugation matrix is 

P = ^7° , (A.45) 
which corresponds to D = P+. The other conjugation matrices are related to it by 

C± = BlV , (A.46) 
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but it can be shown that in this case only C = C-^- and B = exist and are both antisym- 
metric. We take them to be 

C = ^7^4 , ^ = / ^ g*g ^ _i _ (A.47) 
The Dirac conjugate is defined by 

tP^ = tp = tp^V = i?/;1'7° , (A.48) 

and the Majorana conjugate by 

The Majorana condition (Dirac conjugate = Majorana conjugate) cannot be consistently 
imposed because it requires B*B = +1. Therefore, we introduce the symplectic-Majorana 
conjugate in pairs of spinors by using the corresponding symplectic matrix, e.g. Eij in 

i;'^^ = e^ji>^^C ; (A.50) 

then the symplectic-Majorana condition is 

V^" = e,,-7V- (A.51) 

To impose the symplectic-Majorana condition on hyperinos C^, the only thing we have to do 
is to replace the matrix £ij by Cab, which is the invariant metric of Sp{nh). 

Our conventions on SU{2) indices are intended to keep manifest the /S'C/(2)-covariance. 
In SU{2), besides the preserved metric, there is the preserved tensor Sij. We also introduce 
e*-^, normalised as £12 = e^^ = +1- Therefore, we may construct new covariant objects by 
using £ij and e*-', e.g. ipi = £ijip-^ , tp-^ = tpi£^-^ . Using this notation the symplectic-Majorana 
condition can be simply stated as 

i^'*=j%. (A.52) 
We use the bar on spinors to denote the (single) Majorana conjugate: 

ij' = ij'^C , (A.53) 

which transforms under SU (2) in the same representation as ip''' does. We can also lower its 
SU{2) index as ^pi = Sijip-' . In terms of single Majorana conjugates the symplectic Majorana 
condition reads 

(ViT=V5n'. (A.54) 

Finally, observe that after imposing the symplectic Majorana condition the following simple 
relation between the single Dirac and Majorana conjugates holds: 

^'^V = , (A.55) 
which is very useful if one prefers to use the Dirac conjugate instead of the Majorana one. 



A. 3 Spinor bilinears and Fierz identities 

In this appendix we provide information on the spinor bilinears constructed out of the e's. 
This is primary in the characterisation of the solutions based on the spinor-bilinear method 
used in chapters |3| |4] and |6j We give as well the Fierz identities, with a proof of their 
derivation. 
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A. 3.1 Spinor bilinears in d = A 

These bilinears are based on (but not equal to) those of |8l]. The scalar ones are defined by 



X = \e^-^ ejej , e/ej = eij X , 



X = leu e^e-^ , e^e-^ = e^-^ X . 



(A.56) 



The vector bilinears are defined by 

V^j = ie'^aej = \Va5'j + \ {a^Y j , (A.57) 
which can be inverted to 

Va = Vli and = {a^j'V^j . (A.58) 

Finally we have 3 imaginary-selfdual 2-forms defined by 

<^>/J ab = enabej = Kb h (^")/J ^ = i {t^'Y' $/j • (A.59) 

The anti-imaginary-self-dual 2-forms are defined by complex conjugation. 
From the Fierz identities eq. (A. 83) we can then derive that 

Vab = ^ [VaV, - V:vn , (A.60) 

and consistently with the above that 

^yV'' = , g{V,V) = 4|X|2 , g{V'',Vy) = -4|X|2 5^?^ . (A.61) 
A result that is harder to be found is 

-i WlaVb] + i^ab'^ycVi ] , (A.62) 



xKb 



which translates to 

X = ^ [V AV" + i ★(FAF^)] (A.63) 

in form notation. 

In the null case, i.e. for X = 0, the are proportional to V and the <I>s become linear 
dependent, severely limiting the utility of the bilinears. In section (3.3), we will, following 
|21j . introduce an auxiliar spinor which leads to Fierz identities similar to the ones above. 



A. 3. 2 Spinor bilinears in d = 5 

With one commuting symplectic-Majorana spinor e* we can construct the following indepen- 
dent, SU (2)-covariant bilinears: 

€i : It is easy to see that 

(A.64) 

M)* = -e-,eS 

The first equation implies that this matrix is proportional to and the second equation 
implies that the constant is purely imaginary. Thus, we define the S?7(2)-invariant scalar 

/ = iei^ = iea\ , e,e^' = -| } Si^ . (A.65) 

All the other scalar bilinears iea'^e [r = 1, 2, 3) vanish identically. 
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€i'y"'e^ : This matrix satisfies the same properties as CiC^ , and so we define the vector bihnear 

V = iea^e' = iej^a^e , ea^e^ = -\ V . (A.66) 
which is also 5f7(2)-invariant, the other vector biUnears being automatically zero. 
eij°'^e^: In this case 



(A.67) 



which means that these 2-form matrices are traceless and Hermitean and we have three 
non-vanishing real 2-forms 

^rab ^ ^rj -,^ab^i ^ -,^ab^j ^ l^r.j ab _ (^gg) 

for r = 1,2,3, which transform as a vector in the adjoint representation of SU{2), and 
the fourth is ej^'^a^e = 0. 



Using the Fierz identities eq. (A. 83) for commuting spinors we get, among other identities, 

V'Va = /^ (A.69) 

r 

V^^b = 0, (A.71) 

V^C^^abc = -f^\c, (A.72) 

$V$^c6 = -6'~'{vabP-VaVt)-e'^''f^'ab, (A.73) 

f'[afe^%d] = -IfS'^SabcdeV^ (A.74) 

Va^^e' = fe\ (A.75) 

^^^^^''e^ = 4i/Va''/ . (A.76) 
A. 3. 3 Fierz identities 

The bilinears that can be constructed from Killing spinors in our four- and five-dimensional 
studies are 2x2 matrices that can be written as linear combinations of the Pauli matrices 
o"^ (f = 0, . . . , 3) where cr^ = 12- It is natural, then, that we want to use the equation first 
derived by Fierz to help us obtain important identities on the bilinears. 

The general Fierz identity arises from the completeness of the antisymmetric product of 
Dirac gamma matrices 7° as a basis for 2^'^^'^^ x 2^'^^'^^ matrices. The 2^ L'^/^-l -dimensional 
canonical basis for the vector space of these matrices is 
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where = 1 ov = i according to whether [I/2\ is (respectively) even or odd. We can 
construct an orthogonal dual basis 

{Oi} = ri{l } , (A.78) 

where r/ = r^; one can see that O^Oj = tr{OiOj) = 2L°'/2J^^^^ g^^^ ^j^g^^ 2W2\ x 2^"^^ 
matrix A can be written as a hnear combination of the elements in . This implies that 
A = aiO^ , and hence tr(C'/j4) = 2l-'^/^-la/ ; furthermore 

A^p = 2-W^iY.^%(^iy<^(^'^% ■ 

By considering a general bilinear of spinors 

{iMif) {i>Nx) = KM'^p^^^^N%x' (A.80) 



and eq. (A.79) on M°' pN" p as a j4'^^-matrix, we obtain the Fierz identity 

[XMip) [i^Nx) = p2-L'^/2J Y,0^MOiNx){i^O'^) , (A.81) 

where p = +1 for commuting spinors, and p = —1 for anti- commuting spinors. 



Moreover, to obtain the general form in d = 4, we consider eq. (A.37), that relates products 
of n matrices with products of {d — n) matrices. This gives, 

p{\Mx)m^) = l{mN^){i;x) + lC>^MrN^){^l^JaX)-lC^Mr'N^){i;JabX^ 
-\C\Mri5Nip)iib-fa75X) + i(AM757V(^)(V^75X) • 

(A.82) 

For d = 5 we use eq. (A. 43), as well as an extended basis of Pauli matrices (r = {0, 1, 2, 3}) 
to express the /S'p(l)-structure succinctly. This gives 

3 



p 

f=0 



(A.83) 
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Appendix B 

Scalar manifolds 



In this appendix we present the technical information about the scalar manifolds which play 
a part in the theories studied. These geometries are different according to the dimensionality 
of the theory in question, and its field content. Kahler geometry, for example, is relevant 
when considering a four-dimensional sigma model with A/" = 1 global supersymmetry |140j . 
To introduce local SUSY, however, ones needs to consider the subclass of Kahler-Hodge 
manifolds (see e.g. |141l ch. 3]). An introduction to these, including the conventions used, is 



given in appendix B.l 



For a lagrangian in d = 4 with M = 2 global SUSY, containing only massless scalars, the 
couplings among these fields are given in terms of a hyper-Kahler manifold [142J- Adding 
gravity implies that the scalar fields will parametrise instead a quaternionic-Kahler manifold 
|143I - I145] . This geometry is treated at some length in appendix B.3 When introducing vector 
multiplets as well, the self-couplings between the complex scalars, and those relating complex 
scalars and vectors are dictated by Special Kahler geometry [79] , which is discussed in 



appendix B.2 The complete target space of the non-linear sigma model for the scalar fields is 
thus given by the product of a Special Kahler manifold and a quaternionic-Kahler manifold. 
Real Special geometry, on the other hand, arises when considering the coupling of pure 



d = 5 SUGRA to vector multiplets |147j . This is given in appendix B.4 A more involved 



theory not considered here is that formed by also considering hyperscalar multiplets. The 
complete target space is then given by the product of a Real Special and a quaternionic-Kahler 
manifold. 

Before starting with Kahler geometry we give a short scholium on complex and hyper- 
complex (quaternionic) structures. 



Complex and quaternionic structures 

We say that a manifold M is almost-complex when it is endued with an almost- complex 
structure J . This is a linear map defined at each patch of the manifold such that 

J : TpM TpM , with = -I . (B.l) 

We call it almost- complex, as opposed to regularly complex, since we lack an integrability 
condition connecting the different patches of M. Usually such integrability condition can be 
linked to the vanishing of the Nijenhuis tensor. In the context of supergravity theories, it is 
common to find the condition of parallelity of J w.r.t. the Levi-Civita connection 

VaJbc = . (B.2) 
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Eq. (B.2) implies the vanishing of the Nijenhuis tensor, whence M is a complex manifold. 

This almost-complex structure JT" need not necessarily be compatible with the metric H, 
such that 

J o Hida, db) = H( J o da, db) + Hida, J o Ob) = Jab + Jba = . (B.3) 

If it is, we call the metric Hermitean and we define a 2-form K(X, Y) = H{J o X,Y), which 
is identified with the Kahler 2-form. If the form K is closed, i.e. dK = 0, then M is said to 



be a Kahler manifold. Clearly this is the case if J is parallel a la (B.2). 



If instead of one J we have a triplet of them J"^ (r = 1,2,3), that satisfy the algebra of 
imaginary unit quaternions, i.e. 

■ J^a = -S'-'da' + erst{j')a , (B.4) 

we have what is called an almost-quaternionic structure (it is also often called an almost-hyper- 
complex structure). Again, if the three maps are compatible with the metric, in which case the 
metric is said to be hyper-Hermitean, we can define the three 2- forms K''(X, Y) = H{J'^X, Y). 
If the condition dK^' = is satisfied, then the two-forms are closed and M is said to be a 
hyper-Kahler manifold. 



B.l Kahler geometry 

A Kahler manifold is a complex manifold on which there exist complex coordinates 
and Z*'^ = (Z*)* and a real function IC{Z, Z*), called the Kahler potential, such that the line 
element is 

ds^ = 2gii* dZ'dZ*'" , with Gu* = ^i^^*IC . (B.5) 
The Kahler (connection) 1-form Q is defined by 

Q = ^^{dZ'dilC - dZ*'*di*lC) , (B.6) 

and the Kahler 2-form K is its exterior derivative 

K = dQ = iGii*dZ' A dZ*'* . (B.7) 

The choice of complex coordinates is such that the complex structure is thus trivial, i.e. Ji = 
—Ji*^ = i. The Levi-Civita connection on a Kahler manifold can be shown to be 

T,k' = G'^'djOi^k , Tj.kJ* = g'''dj*gkH . (B.8) 

The only non- vanishing components of the Riemann curvature tensor are given by Rij*ki*, 
but we shall not be needing its explicit expression. The Ricci tensor is given by 

Rij* =d^dj* (^logdetg) . (B.9) 

As can be easily seen from inspection of eq. ( |B.5[ ), the Kahler potential is not unique; it 
is defined up to Kahler transformations of the form 



K,'{Z, Z*) = 1C{Z, Z*) + f{Z) + f*{Z*) , 



(B.IO) 
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where f{Z) is a holomorphic function of the complex coordinates Z*. Under these transfor- 
mations, the Kahler metric and Kahler 2-form are invariant, while the components of the 
Kahler connection 1-form transform according to 

Q!i = Qi- W ■ (B.ii) 

By definition, objects with Kahler weight (g, q) transform under the above Kahler transfor- 
mations with a factor e~^'^^~^^^''^^'^ and the Kahler-covariant derivative V acting on them is 
given by 

A = Vi + iqQi , A* = Vi* - iqQi* , (B.12) 

where V is the covariant derivative associated to the Levi-Civita connection on M. The Ricci 
identity for this covariant derivative, for a weight {q,q) scalar object, reads 

[V,,V,.] ,/.('?''^) = -\{q- q) Qr,* . (B.13) 



B.1.1 Kahler-Hodge manifolds 

When (g, q) = (1, —1), this defines a complex line bundle — )• over the Kahler manifold 
whose first (and only) Chern class equals the Kahler 2-form K. A complex line bundle 
with this property is known as a Kdhler-Hodge (KH) manifold. These are the manifolds 
parametrized by the complex scalars of the chiral multiplets of = l,d = 4 Supergravity. 
Furthermore, objects such as the superpotential and the spinors of the theory have a well- 
defined Kahler weight. On the other hand, manifolds parametrized by the complex scalars 
of the vector multiplets of A/" = 2, d = 4 Supergravity are also KH manifolds, but must 
satisfy further constraints that define what is known as Special Kahler Geometry (or Special 



Geometry for short), described in appendix B.2 



If one is interested on the spacetime pullback of the Kahler-covariant derivative on tensor 
fields with Kahler weight (q, —q) (weight g, for short), this takes the simple form 

^^, = y^, + iqQ^, , (B.14) 

where is the standard spacetime covariant derivative plus possibly the pullback of the 
Levi-Civita connection on A^, and is the pullback of the Kahler 1-form, i.e. 

= ^,{d^z'd,)c - d^z*''di^)C) . (b.is) 



B.l. 2 Gauging holomorphic isometries 

We now proceed to review some of the basics of the gauging of holomorphic isometries of 
Kahler-Hodge manifolds that occur in A/" = 1 and A/" = 2, d = 4 supergravities. We will first 
study the general problem in complex manifolds. This is enough for purely bosonic theories, 
in which only the complex structure is relevant. In the presence of fermions, however, the 
Kahler-Hodge structure becomes necessary, and only those transformations that preserve it 
will be symmetries (of the full theory) that can be gauged. We study this problem next. 

The special-Kahler structure is necessary in AA = 2, d = 4 Supergravity and, again, only 
those transformations that preserve it are symmetries that can be gauged. This problem will 
be studied in appendix |B.2.2 after we define special-Kahler manifolds. 
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Gauging in complex manifolds 

We start by assuming that the Hermitean metric Qij* (we will use the Kahler-Hodge structure 
later) admits a set of Killing vector^ {ETa = kA^di + k\^* di*} satisfying the Lie algebra 

[KA,K^] = -fAj,''Kn , (B.16) 

of the group Gy that we want to gauge. Hermiticity implies that the components and 
of the Killing vectors are, respectively, holomorphic and antiholomorphic, and satisfy 
(separately) the above Lie algebra. Once (anti-)holomorphicity is taken into account, the 
only non-trivial components of the Killing equation are 

^£Agij* = Vi'klj + VjfcAi. = , (B.17) 

where £a stands for the Lie derivative w.r.t. K^. 

The standard cr- model kinetic term Qij*d^Z^d^ Z*^ is then automatically invariant under 
infinitesimal reparametrizations of the form 

5aZ' = a^k^'iZ) , (B.18) 

where the infinitesimal variation parameters are constants. If instead they become ar- 
bitrary functions of the spacetime coordinates, i.e. = a^(x), we need to introduce a 
covariant derivative using as connection the vector fields present in the theory. We write the 
covariant derivative as 

which transforms as 

5o,^^Z' = a^{x)djkA'D^Z^ = -a^{x){£K - Ka)^^Z^ , (B.20) 

provided that the gauge potentials transform as 

SaA^^ = -g~'^^a^ = -g-\d^a^ + ghu^A^^a"") . (B.21) 

The gauge field strength is given by 

F^^, = 2a[^^^,] + gfj.^'^A^^^A'',^ , (B.22) 

and changes under gauge transformations as 

SaF^'^u = -a^(x)/sn^F^^. . (B.23) 

Now, to make the c-model kinetic term gauge invariant, it is enough to replace the partial 
derivatives by covariant derivatives 

g^J,^^Z'^^'Z*^'' ^ g,,.D^Z^2)^Z*^* . (B.24) 

For any tensor field <1> transforming covariantly under gauge transformations, i.e. trans- 
forming as 

S^<^ = -a^(x)(LA - Ka)$ , (B.25) 

^The index A always takes values from 1 to ny {n ~ ny + 1) in A/" = 1 {N — 2) Supergravity , but some 
(or all) the Killing vectors may actually be zero. 

^Where spacetime {fj,, u, . . .), gauge (A, E, . . .) and target space tensor (i, i* , . . .) indices are not explicitly 
shown. 
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where we have defined the Lie covariant derivative L,\ 

La = £a - 5a , (B.26) 
and 5a represents a symplectic rotation, the gauge covariant derivative is given by 

S)^«> = {V^ + ^^Z% + S^Z*'*Ti, - gA^^ihA - Ka)}<S> • (B.27) 
In particular, on S^Z* 

T)^Tl,Z' = V^D.Z' + Tjk'^^Z^D.Z^ + gA^^djkA'^.Z^ , (B.28) 

which imphes 

[S^,S,]Z^ = 5i^V^A' . (B.29) 



An important case is that of fields $ which only depend on the spacetime coordinates 
through the complex scalars Z^ and their complex conjugates, so that 

v^^ = d,,<^ = d^z'di^ + d^z*''di*^ . (b.so) 

$ is then an invariant field iQ 

La$ = (i^A - 5a)$ = . (B.31) 

Only if all the fields present in the theory are invariant fields, can the theory be gauged. 
Only in such a case V^<I> = = dfj_Z^di^ + d^Z*^* di*^ can be true irrespectively of gauge 
transformations. These fields transform under gauge transformations according to 

S^^ = -a^{hA - Ka)^ = a^KA^ , (B.32) 

and their covariant derivative is given by 

= {df. + ^^.ZTi + J)f,Z*'*Ti, + qA^^Ka}^ , (B.33) 

which is always the covariant pullback of the target covariant derivative: 

D^«> = D^^^Vi^> + D^Z"*Vi*$ . (B.34) 

As an example, consider the holomorphic kinetic matrix fAT,{Z) in A/" = 1, d = 4 Su- 
pergravity or the period matrix AfA'ziZ, Z*) in AA = 2, d = 4 Supergravity, both of which 
are symmetric matrices that codify the couplings between the complex scalars and the vector 
fields. These matrices transform under global rotations of the vector fields 

6aA^^ = -o^hn^A''^ (B.35) 

•^We will extend this definition to fields with non-zero Kahler weight after we study the symmetries of the 
Kahler structure. For the moment we only consider tensors of the Hermitean space with metric C/ij* , possibly 
with gauge and spacetime indices. 

■'Alternatively, we could say that it is a field invariant under reparametrizations up to rotations. 
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according to 

5a/AS = -a^'SnfAj: = 2a''fniA''fm , (B.36) 



(analogously for A/ae) and under the reparametrizations of the complex scalars, eq. (B.18), 
as 

6afA^ = -oP£nfAJi - a^'kn'difAs . (B.37) 
These transformations will only be a symmetry of the theory if their values coincide, i.e. if 

i£n - 5q)/ae = /as = , (B.38) 

this is, only if /ae(-^) is an invariant field according to the above definition. Its covariant 
derivative is given by 

S;./as = ^t^Z'djAj: , (B.39) 

on account of its holomorphicity. 
Gauging in Kahler-Hodge manifolds 

Let us now assume that the scalar manifold is not just Hermitean, but rather Kahler-Hodge, 
and proceed to study how the Kahler structure is preserved. The transformations generated 
by the Killing vectors will preserve the Kahler structure if they leave the Kahler potential 
invariant up to Kahler transformations, i.e. for each Killing vector K\ 

£aJC = kiCdilC + k*/di*K: = \a{Z) + \1{Z*) . (B.40) 

From this condition it follows that 

£a\ji - £j:Xa = -fAs'^Xn ■ (B.41) 

On the other hand, the preservation of the Kahler structure implies the conservation of 
the Kahler 2-form K 

£aK = . (B.42) 

The closedness of K implies that £aK = (i(ifc^K) and therefore the preservation of the Kahler 
structure implies the existence of a set of real 0-forms Va known as momentum maps, such 
that 

ik^K = drA. (B.43) 
A local solution for this equation is provided by 

iVA = kA'd.lC - Xa , (B.44) 



which, on account of eq. (B.40), it is equivalent to 

iVA = -{kA''di'>^-XA) , (B.45) 

or 

VA = ikj,Q-U^A-Xl). (B.46) 

The momentum map can be used as a prepotential from which the Killing vectors can be 
derived 

kAi' = idi^VA ■ (B.47) 
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This is why they are sometimes called Killing prepotentials. 

In principle, the momentum maps are defined up to an additive real constant. In A/" = 1, 
d = 4 theories (but not in A/" = 2, d = 4) it is possible to have non- vanishing, constant 
momentum maps with iVf^ = — Aa for vanishing Killing vectors. In this case, no isometry is 
gauged; instead it is the U{1) symmetry associated to Kahler transformation^ (in Kahler- 
Hodge manifolds) that is gauged. These constant momentum maps are called D- or Fayet- 
Iliopoulos terms, and appear in the supersymmetry transformation rules of gaugini, in the 
potential and in the covariant derivatives of sections that we now discuss. 

Using Eqs. ( |B.16[ ),( |B.40"1 ) and ( |B.4lD one finds 

£aVj: = 2ik[j^k*j,fg^j, = -fAY:^Vn ■ (B.48) 

This equation fixes the additive constant of the momentum map in directions in which a 
non-Abelian group is going to be gauged. The gauge transformation rule for a section <I> of 
Kahler weight (p, q) i^ 

6a<^ = -a^(x)(LA - Ka)^ , (B.49) 

where La stands for the symplectic and Kahler-covariant Lie derivative w.r.t. Ka, and it is 
given by 

La^ = {£a - [Sa - 5(pAa + qXl)]}'^ , (B.50) 

where the 5a are sp(n) matrices that provide a representation of the Lie algebra of the gauge 
group Gv acting on the section <1>: 

[5a,5s] = +/As^5n . (B.51) 
The gauge covariant derivative acting on these sections is given by 

= {Vm + ^f^ZTi + D^Z«*ri* + lipkA'd.K + qk*/di*lC) 

+5^\[5a + i(p - q)VA - {£a - Ka)]}<^> . 
Invariant sections are then those for which 

La$ = £a^ = [5a - 2 (Ma + Q^l)]'^ > (B.53) 

and their gauge covariant derivatives are, again, the covariant pullbacks of the Kahler- 
covariant derivatives 

D^«> = + . (B.54) 

The prime example of an invariant field is the covariantly holomorphic section C{Z,Z*) of 
J\f = 1, d = 4 theories. This is a Kahler weight (1, —1) section, related to the holomorphic 
superpotential W{Z) by 

C{Z,Z*) = W{Z)e^l^ , (B.55) 
and its covariant holomorphicity follows from the holomorphicity of W 

Vi,L = {di*+iQ,*)C = e^/^di*{e-'^/^C) = e^''^di*W = . (B.56) 



(B.52) 



^'Cf. eq. (B.llK 

^Again, spacetime and target space tensor indices are not explicitly shown. Symplectic indices are not 
shown, either. 



122 



APPENDIX B. SCALAR MANIFOLDS 



In order for the global transformation eq. (B.18) to be a symmetry of the full theory that 
we can gauge, C must be an invariant section, i.e. 

hAC = {£A + li\A-Xl)}C = KaC = -\{\k-\1)C . (B.57) 

Then under gauge transformations it will transform according to 

5c,C = -\a^{x){\A-\\)C , (B.58) 

and its covariant derivative will be given by 

= {^^, + i%)C = 'D^Z'ViC , (B.59) 

where we have defined 

= Q/. + qA^^Vk . (B.60) 

Observe that this 1-form is, in general, different from the "covariant puUback" of the Kahler 
1-form, which is 

^D^Z^Oi/C + c.c. . (B.61) 
The difference between this and the correct one is 

^D^Z*5,/C + c.c. -Q^ = gA^^'imXA , (B.62) 

and only vanishes when the isometries that have been gauged leave the Kahler potential 
exactly invariant, i.e. for Aa = 0. 

It should be evident that DiC is also an invariant field, and therefore the part of the 
M = 1, d = 4 Supergravity potential that depends on the superpotential 

-2A\C\'^ + 8g'^*ViCVj*C* (B.63) 



is automatically exactly invariant. On the other hand eq. (B.48) proves that the momentum 
map itself is an invariant field. Then, 

6^Va = -a^{x)hA^Vn , 

©M^A = d^VA + gfA^^'A^^Vn , (B.64) 

Dm^a = S^,Z'^iVA + ^^.Z»'^i.^VA , 
and the part of the Af = 1 , d = 4 Supergravity potential that depends on it, i.e. 

+ i5'(9m/)-i|^^pAps , (B.65) 

is also automatically invariant. 

Finally, let us consider the spinors of the theory. They have a non- vanishing Kahler weight 
which is (—1/2, 1/2) times their chirality. For instance, the gravitino of A/" = 1, d = 4 theories 
transform as 

^qV-m = -la^{x){XA- XA)^fi , 

(B.66) 
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B.2 Special geometry 



In this short appendijQ we shall discuss the geometric structure underlying the couplings of 
vector supermultiplets in J\f = 2 d = 4 Supergravity, which has received the name of Special 
Kdhler geometry (usually just called Special geometry). The first articles introducing this 
structure were |1461 [79] and the formalisation was given in |148j . The essential references are 
[1491 - 1154] . After discussing the coordinate independent formulation of special geometry, we 
make contact with the original formulation in terms of the prepotential in B.2.1 Appendix 



B.2. 2 discusses the gauging of isometrics, and how this is used in order to construct gauged 
supergravities. 

The formal starting point for the definition of a Special Kahler manifold lies in the def- 
inition of a Kahler-Hodge manifold. As explained in the section above, a KH-manifold is a 
complex line bundle over a Kahler manifold M, such that the first Chern class of the line 
bundle equals the Kahler form. This then implies that the exponential of the Kahler potential 
can be used as a metric on the line bundle. Furthermore, the connection on the line bundle 
is Q = {2i)^^{dz'^di)C — dz*c^/C). Let us denote the line bundle by — ^ M, where the 
superscript is there to indicate that the covariant derivative is D = V + iQ 

Consider then a flat 2n vector bundle E ^ M with structure group Sp{n;M), and take a 
section V of the product bundle E(^L^ Ai and its complex conjugate V, which is a section 
of the bundle E Ai. A special Kahler manifold is then a bundle E — t- 7W, for 

which there exists a section V such that 



V 



Ma 



(VI V) 

SfV = , 

I (SiV I V) = . 



C^Ma 



(B.67) 



By defining the objects 



r 



it follows from the basic definitions that 

{Ki\V) = 0, {Ui\V) 



. 



(B.68) 



(B.69) 



Let us now focus on {DiUj \ V) = —{Uj \ Ui), where we have made use of the third constraint. 
As one can see the r.h.s. is antisymmetric in i and j, whereas the l.h.s. is symmetric. This 
then means that {DiUj \ V) = {Uj \ Ui) = 0. The importance of this last equation is that if 
we group together £a = 0^,Ui), one can see that \ £ a) is a non-degenerate matrix, which 
allows one to construct an identity operator for the symplectic indices, such that for a given 
section A {E, M.) we have 



A = i{A\V) V - i{A\V) V + i{A \ Ui)G'' U, - i{A \ U,)g''Ui 



(B.70) 



^For a complete review refer to 
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Furthermore, the inner product with V and vanishes due to the basic properties. Let us 
define the weight (2,-2) object 



djk = Uj I Uk) ^ 2)i Uj = iCijkQ^% , (B.71) 



where the last equation is a consequence of eq. (B.70). Since the U are orthogonal, one can 



see that C is completely symmetric in its three indices, and one can show that 

2), Cjki = , Cj^ki = . (B.72) 

Let us then introduce the concept of a monodromy matrix J\f, which can be defined through 
the relations 

Ma = AAas , hAi = ATas . (B.73) 

The relations of {Ui | V) = then imply that M is a symmetric matrix, which hence auto- 
matically trivialises {Ui \ Uj) = 0. 

Observe that as Im(A/'As) = ^''^{■^)at, appears in the kinetic term of the {n = ny + 1) 
vector fields it has to be negative definite, whence also invertible, in order for the kinetic term 
to be well-defined. One can see that this is implied by the properties of special geometry 
|79j . As it is invertible, we can use it as a 'metric' for raising and lowering A-indices, e.g. 

= Im (AA)-^I^^ C^. Likewise, we shall use Qi^ to raise and lower Kahler-indices. Moreover, 



from the other basic properties in (B.69) we find 



CaC"" = -I , £a = , /a^ // = -\Qrj . (B.74) 
An important identity that one can derive, is given by 

f^AS _ jAgi,j^ ^ -ilm(AA)-i|^s - Z^C^ , (B.75) 



so that f/AS = U^^. 

Let us construct the {ny + 1) x (ny + l)-matrices M = {M-Ai^k i) and L = {C^,f^). 
With them we can write the defining relations for the monodromy matrix as Mas = ^^aqL^e, 
a system which can be easily solved by putting M = ML~^, where L~^ is the inverse of L. 
Formally, one finds 

= -2 ( ) ' (B-76) 
which is a recursive argument, but useful to derive 

^ATas = -4i HatC^ + CaM) (B.77) 

and 

^AAas = 4 C,j-, fl /I . (B.78) 
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B.2.1 Prepotential: Existence and more formulae 



In explicit constructions of the models it is worthwhile to int roduce the explicitly holomorphic 
section ri = e~^^'^V, which allows us to rewrite the system (B.67) as 







(f] I H) = 'X Tt^ 
diQ. = , 

t (9,17 \^) = . 



-I e 



-K 



(B.79) 



If we now assume that J-\ depends on through the Af's, then the last equation above 
implies that 

diX^ [2Ja - (Af^-Fs)] = . (B.80) 
If diX^ is invertible as a ny x {ny + 1) matrix, then we must conclude that 



Ja = dKF{X) 



(B.81) 



where is a homogeneous function of degree 2, baptised in the literature as the prepotential. 
Should diX^ not be invertible, then, as shown in [150j . one can do a symplectic transformation 
such that a prepotential exists. 



Making use of the prepotential and the definitions (B.73), we then calculate 

Im(^)AA'A'^'lm(^)sE'^^' 



Fay: + 2i 



X^Im{F)nn'X^' 



(B.82) 



which is manifestly symmetric. From the above expression we can obtain the sometimes useful 
result 

Im(AA)-^l^^ = -F-i|^^ - 2C^C^ - 2C!"C? , (B.83) 

where is the inverse of Fas = Iiii(-^As)- Also, having the explicit form of M we can 
derive an explicit representation for C 

C,,fc = d,X^ djX^ dkX^ Jaeq , (B.84) 

so that the prepotential determines all the structures present in Special geometry. 

B.2.2 Gauging holomorphic Killing vectors in Special geometry 

We are now interested in holomorphic Killing vectors associated to the Kahler manifold with 
metric Q. This is relevant e.g. in chapter [3j where we have considered gauged vector fields in 
four-dimensional fSUGRA. Consider the real Killing vector 



K = K\Z) di + K^(Z) d, 



. 



(B.85) 



For ease of treatment, it is customary to put all the vectors fields and the graviphoton (which 
is inside the gravity multiplet) on the same footing. This means that we shall be labelling the 
Killing vectors by an index like A, which runs from 1 to n (= ny + 1). One then imposes an 
additional constrain bringing the number of vectors back to ny. In five-dimensional theory, 



for example, this is done by eq. (B.141). Here we shall be using one of the fields to gauge 
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the M-symmetry, and thus we can at most use at most ny vectors to gauge isometries. In 
general, these Kihing vectors define a non-Abehan algebra, which we take to be 

[Ka,Ks] = -fAs^ Kr . (B.86) 

These isometries need not leave invariant the Kahler potential, but only up to a Kahler 
transformation, i.e. 

£aJC = Ka /C = Aa(Z) + Aa(Z) , (B.87) 

where we employ the notation £\ = £ka- It is clear that the Kahler transformation param- 
eters A have to form a representation under the group that we are gauging, and in fact one 
sees that 

i?AAs - -^^sAa = -f As^ Af7 . (B.88) 

If we also assume that the Killing vectors are compatible with the complex structure J defined 
on the Kahler manifold, and therefore also with the Kahler form K(X,Y) ~ Q{J'X,Y), we 
can derive, analogously to eq. ( B.43| ) above 



£f,K = d {iaK) — > 2ir i^K = dPA , (B.89) 

where the object Pa is called the momentum map associated to Ka- A closed form for the 
momentum map can be easily seen to be 

iPA = 2 (Kjv dilC - KX - Aa + Aa) = K\ diK - Aa , (B.90) 



where we made use of eq. (|B.87) and fixed a possible constant to be zero. Using this form 



and eq. (B.88), it is straightforward to show that 

i^APs = -f AS^ Pn , (B.91) 

The action of the Killing vector on the symplectic section is most easily described on the 
(l,0)-weight section VL. In fact, by consistency, it must transform as 

£a^ = Sa^ - Xa^ , (B.92) 

where S S sp(n;]R) and forms a representation of the algebra we are gauging, i.e. [Sa,Sy] = 
f As'"5'r- The natural spacetime (not the Kahler) connection that acts on this symplectic 
section is 

m = (V + dZ' difC + igA^PA + g 5a) n , (B.93) 

which is constructed in such a way that 5qD0 = [Sa — Aa) DO. From the above equation, 
it is a small calculation to derive the covariant derivative on objects such as V or V. In fact, 
one can see that, if dealing with a symplectic {p, q)-weight object, one has 

<5„^.(P.9) = [Sa - P Xa - q Aa) ^'^^'"^ , (B.94) 
= \v +p dZ' ^^JC + q df d,K, + i{p - q)g A^Pa + g A^ sA «>(P'«) , (B.95) 
S^^^M = [ Sa - p Xa - q ~Xa) D$(P'^) . (B.96) 
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Having defined the various covariant derivatives, one can go on to derive 

r Ui = (5k + ^Pk) V ^ DV = DZ* Ui , (B.97) 
which in turn can be used to obtain 

V)Ui = DZ^ ^jUi + Y)W ^jUi and = DZ' diM + DZ' ^-^J\r . (B.98) 



Equation (B.97) allows us to write down the following identities 

= (V I SkV) , Pa = (V I 5a V) , 

Ka, = iiU.l 5a V) , = {U^\ 5a V) 



(B.99) 



As done in [HD], we consider only a subset the possible gaugings; we restrict to groups 
whose embedding into sp (n;M) is given by 

With this restriction on the gaugeable symmetries, we can then derive the following important 
identity 

= C^K\. (B.lOl) 

Further identities that follow are 

£^ Pa = , £^ Aa = , J^'Pa = iC^K\. (B.102) 

B.3 Hyper-Kahler and quaternionic-Kahler geometry 

Quaternionic spaces arise naturally in Supergravity in the context of A/" = 2, d = 4 theories 
with hyperscalar multiplets [143j . Although these do not make an explicit appearance in 
this work, they lie at the heart of the Fayet-Iliopoulos terms (which are used to obtain a 
positive cosmological constant in fSUGRA), and hence will be briefly discussed. Appendix 
B.3.1| discuess the gauging of isometrics in quaternionic-Kahler spaces, and section [B.3. 2 gives 



a short description of the role of the FI terms in fSUGRA. 

A quaternionic-Kahler manifold is a real 4m-dimensional Riemannian manifold HAd en- 
dowed with a triplet of complex structures : T{T-LM.) — T{'HAi) {x = 1,2,3) that satisfy 
the quaternionic algebra 

jajy ^ _^xy ^ ^xyz jz ^ (B.103) 

and with respect to which the metric, denoted by H, is Hermitean 

H(J^'X,J^Y) = H(X,y) , yX,Y£T{nM) . (B.104) 

This implies the existence of a triplet of 2-forms K^(X,Y) = H(X, J^y) globally known 
as the su(2)-valued hyper-Kdhler 2-forms. Observe that the foregoing definition on a real 
coordinate base means = Hum i-i^)^v = {■i^)uv Most of the time we shall use an 

so(3)-valued notation in order not to have the x-indices floating around; this implies writing 
e.g. K = Tx where the generators satisfy [Tx,Ty] = ExyzTz- 
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The structure of a quaternionic-Kahler manifold requires an SU{2) bundle to be con- 
structed over TiM with connection 1-form A^, with respect to which the hyper-Kahler 2-form 
is covariantly closed, i.e. 

= DxK = VxK+ [Ax,K] = 0. (B.105) 

Then, depending on whether the curvature of this bundle 

F = dA + AAA = dA"" + ^e^^^ A^ A A% (B.106) 

is zero or proportional to the hyper-Kahler 2-forrr[^ i.e. 

F = X K , X G R/{0} , (B.107) 

the manifold is a hyper-Kahler manifold or a quaternionic-Kdhler manifold, respectively. 

The S'{7(2)-connection acts on objects with vectorial S'C/(2)indices, such as chiral spinors, 
as follow^ 

(B.109) 



D^i = dii + A/O , F/ = dA/ + Aj^ A kr^ 



Consistency with the raising and lowering of vector SU{2) then indices implies that 

= -A^j = Ax^ ELj , (B.llO) 

whereas compatibility with the raising of indices due to complex conjugation implies 

B'j = (A/)*. (B.lll) 

These two things together thus means that A/"' is an anti-Hermitean matrix, whence we 
expand 

A/ = i A^ (a^)/ and B^j = -| A^ {a'^Y j , (B.112) 
where the indices of the cr-matrices are raised/ lowered with e. 

At this point, there remains a question about the normalisation of the Pauli matrices, 
which is readily fixed by imposing that 

F/ = i F^ (a^)/-^ , (B.113) 

which implies that 

(aV^)/'^ = d'^y 6/ - ie'^y' {a')i^ . (B.114) 



* Note that in constructions of SUGRA it is the additional constraint given by having SUSY, not the actual 
geometry, which fixes the value of to = — 2. 

^The convention for raising and lowering of SU{2) indices is given by 

X=XJt'". i^i = eiji^-'. (B.108) 
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Let us then write down the exphcit form of the cr-matrices that fuhfill the above defining 
relations 

(B.115) 

<-)"^ (-o'O'(-)'(-)' 

where the x = 1,2,3 matrices are ordered from left to right. Observe that these matrices 
imply the following orthogonality and completeness rules 

•^"^ = -i ^/j'^^'-' > S\kS\) = -\ o-'' a\j^ . (B.116) 

It is convenient to use a Vielbein on HM. having as flat indices a pair (a, /) consisting of 
an SU{2) index 7 = 1,2 and an Sp{m) index a = 1, . . . , 2m 

^JaI ^ ya/^ ^^u ^ (B.117) 

where (u = 1, . . . , 4r?T,) arc real coordinates on HM. We shall refer to this Vielbein U"^ 
as the Quadbein. The Quadbein is related to the metric H^^ by 

Huu = ^°'^u U'^'^i; £/jCq,/3 , (B.118) 

where C is a real antisymmetric 2m x 2m matrix and it is in fact the metric for the Sp{m) 
group. Furthermore one requires that, in concordance with our rules of raising and lowering 
indices, 

U«/ = eijC^fi U^^ = (U"^)* . (B.119) 

The Quadbein thus satisfies all the usual relations that a Vielbein satisfies. 

In thise sense, the Quadbein satisfies a Vielbein postulate, i.e. they are covariantly constant 
with respect to the standard Levi-Civita connection r„^^, the <S'f7(2)-connection and the 
S'p(m)-connection A„"^: 

= D„ U°^„ = V„U"^ + Ejj U"-^, + A„"^ = • (B.120) 

This postulate relates the three connections and the respective curvatures, leading to the 
statement that the holonomy of a quaternionic-Kahler manifold is contained in Sp{l) ■ Sp{m), 
i.e. 

Rts""" U"-^„ U^^^ = -GjV C"^ - R*."^ = Hs - Rtf e^^ , (B.121) 
where we have defined the S'p(m)-curvature R as 

R = c/A"^ + A"^ A AT^ . (B.122) 
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It is clear that on M^™ we can define a quaternionic structure which is covariantly constant. 
In this case, the fact that the Quadbein is covariantly constant means that on a quaternionic- 
Kahler space we can induce a covariantly constant quaternionic structure by inducing the one 
from the tangent space. In fact, this means that we have 

= -i ah Ca(s Uf^ . (B.123) 

Using the above expression for the quaternionic-Kahler forms, we can then obtain the identity 

Cap U(^-^ = I [^uv e'^ - \ KS, a- " . (B.124) 



As a result of this and eq. (B.107), we can derive the identity 

Fn. i' = >^ [„ U^f , (B.125) 
where once again we would like to point out that Supergravity fixes x = — 2. 

B.3.1 Gauging isometries in quaternionic-Kahler spaces 

As in previous sections, we now discuss the possible isometries of quaternionic-Kahler spaces. 
W.r.t. the real coordinates on T-LAd, the Killing vectors are given by 

Ka = Kldu , such that H = . (B.126) 

We shall consider fields on T-LM that transform in the adjoint representation of SO (3). An 
example of such objects is K. Calling such a generic field ^ = ^'^ T^,, it transforms under 
so (3) as 

dx^ = -[A,^] , (B.127) 

where A is an 5o(3)-valued transformation parameter. Of course, a covariant derivative is 
easily introduced by putting 

Dx^- = Vx^' + [Ax,*] so long as 5aA = DA. (B.128) 

We define an 50(3)-covariant Lie derivative, by postulating 

La* = i^A* + [Wa,*] , which must satisfy | I "j^ 'n!^^^^ ' (B.129) 



^ [La,Le] = -fAs^'Ln 
The last rule is nothing but the usual commutation relations for Lie derivatives, but where 



we have used eq. (B.86) to define the commutation relations for the Killing vectors. The first 



constraint implies SxV\/\ = La A, whereas the second implies 

i?AWs - i?sWA + [Wa,Ws] = -fAs'' . (B.130) 
We go on to introduce the notion of momentum map Pa by defining 

Wa = «aA - Pa • (B.131) 



Substituting the above definition into eq. (B.130), one can see that the momentum map has 
to satisfy 

DaPs - DePa - [Pa, Pe] + x U^sK = -f as^ Pn , (B.132) 
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where we have defined Da = K^D„. 

So far we have discussed the Killing vectors and their transformations, and we shall now 
consider their compatibility with the complex structures. This means imposing 

LaK = ^ D(iAK) = [Pa,K] . (B.133) 

The integrability condition for the above equation can be massaged to give 

DPa = -X iaK , (B.134) 



which, in view of the similarity with the result in eq. (B.89), justifies the use of the name of 



tri-holomorphic map for Pa- The above definition implies 

[Pa,Ps] + xu^sK = fAs^ Pc , (B.135) 



where eq. (B.132) has been used. Another implication is that the tri-holomorphic map is an 



invariant field, i.e. that its covariant Lie derivative is zero 

= LaPe = i^APE + [WA,PE]+fAE^Pn , (B.136) 
where the derivative includes SO (3) and G terms. 

B.3.2 A small discussion of the FI terms 

This subsection discusses the relevance of hyperscalar multiplets in fakeSupergravity, even 
for theories that do not explicitly contain them. This is because the Wick rotation of the FI 
term lies behind the positivity of the cosmological constant (minus sign in the action), giving 
rise to fSUGRA. 



Consider the case in which there are no hyperscalars. Eq. (B.135) can be written in 
components as 

e.yz PI Pi = /ae"" Pfi . (B.137) 
This equation allows for two different solutions, namely U{1) and SU{2). 

• If we take the gauge group to be Abelian, i.e. /ae^ = 0, the Pa will be given by su(2)- 
valued triholomorphic momentum maps that commute. Thus without loss of generality 
we can take them to be Pa = ^A ?3 ; this expression for the triholomorphic momentum 
maps is called the U{1) FI term. 

• If the gauge group is chosen to be SU{2), then /ae^ = ^AEC- In this case a solution to 



eq. (B.137) is given by Pa = S'f^ and it is called the SU{2) FI term. We shall ignore the 
SU{2) FI term in the main text, as it induces non-Abelian terms that are difficult to 
work with. 

The U{1) FI term is paramount in constructing fSUGRA. Consider e.g. minimal N = 2 
d = 4 SUGRA; this theory has n = 1, n^, = and it is defined by a prepotential that reads 
7^ = —^X"^. Including the U{\) FI term into the mix, we find a supersymmetric action that 



10 



S = / ^ [i? - f2 + I eg ] , (B.138) 



4 



The coupling constant g that usually appears in supersymmetric actions, see e.g. eqs. (3.161, (3.151 in 
section [3!T| has been absorved into the FI term and also into the structure constants, even if this is not visible 
here. This is desirable as this absorption allows for different coupling constants (hence multiple gauge groups), 
a fact which is not obvious when having only g. 
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which is the action governing Einstein-Maxwell-anti De Sitter. In Supergravity Ungo, this 
theory is known as minimal gauged N = 2 d = A SUGRA. 

In order for the above action to describe an Einstein-Maxwell-De Sitter theory, the cos- 
mological constant has to change sign, which can be done by Wick rotating the FI term 
^0 — ^ iCQ] this leads to 

S = j d^Va [R - - IC^] . (B.139) 

If we reinterpret this Wick rotation from a group theory perspective, we thus have 

Po = Co 73 ^ iCo Ts = Co Ts , (B. 140) 

where in the last step Weyl's unitarity trick has been used to introduce a non-compact gener- 
ator T3. One can then see that after a Wick rotation we are no longer gauging a U{1) group, 
but rather M. 

B.4 Real Special Kahler geometry 

This appendix contains some useful information on Real Special Kahler geometry (usually just 
referred to as Real Special geometry, or even Very Special geometry, following the original 
article |147j ). This becomes relevant when considering five-dimensional SUGRA with gauge 
vector fields, and thus applicable to chapter [5j 

We consider a theory containing n vector multiplets. As commented briefly above, the 
geometry of the n physical scalars 0^ (a; = 1, . . . , n) in these multiplets is fully determined 
by a constant real symmetric tensor Cjjk {I,J,K = 0,1, ... ,n = n + 1). The scalars thus 
appear through n functions h^{(j)) constrained to satisfy 

CijKh^h-^h^ = 1 . (B.141) 

One defines 

hi = CijKh-'h^ hih^ = 1 , (B.142) 

and a metric a/j that can be use to raise and lower the SO{n) index 

hi = aijh-^ , h^ = a^-^hj . (B.143) 

The definition of hi allows one to find 

aij = -2CijKh^ + 2,hihj . (B.144) 



Next, one defines 

along with 
which satisfy 



hi = -^/3 h',^ = -V3 1^ , (B.145) 

hi^ = aijhi = +V3/i/,^ , (B.146) 
hihi = , h^hi:, = , (B.147) 
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because of eq. (B. 141). The enjoy the following properties of closure and orthogonality 



"''=(0 «) • ^'K^D=*'- 

Therefore any object with SO{n) index can be decomposed as 

= [hjA-^] + [h'jA^) hi . (B.149) 
The metric on the scalar manifold, gxyi4')i is the pullback of ajj 

9xy = aijhih-l = -2CijKhih-lh^ , (B.150) 
and can be used to raise/ lower {x,y} indices. Other useful expressions are 
aij = hjhj + h^hjx , hjhj = |a/j + ^Cjjxh^ , 

(B.151) 

CijKh^ = hjhj — \h^jhjx , h^ihjx = |a/j — ^Cjjxh^ . 

We also introduce the Levi-Civita covariant derivative associated to such a metric gxy 

hlx-y = hlx,y — ^xy^hjz ■ (B.152) 

One can show that 

hix-y = -^{higxy + Txyzh}) , (B.153) 

hi-y = -j^^{h'gxy + Txyzh'') , (B.154) 

^xy — h hjx^y — -^Txy = Shjh^y + -^Txy , (B.155) 

for 

Txyz = Vshjx-^yhl = -Vshixhy-z ■ (B.156) 
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Appendix C 

Geometrical data for null case 
solutions 



Here we give some explicit geometric information which is of relevance in the classifica- 



tion of null case solutions. Appendix C.l gives the spin connection and curvatures for the 



four-dimensional case, and hence applied in section |3.3[ Appendix C.2 contains the five- 
dimensional information, which is used in chapter [4j A short scholium on the Kundt wave 
metric is given in appendix |C. 3 since this background appears repeteadly as solution to the 
null class. 



C.l Spin connection and curvatures in (i = 4 fSUGRA 

Let us set-up a null-Vierbein by 

e+ (g) e" + e" (g) e+ - e* (g) e* - e* ig) e' , 



(C.l) 



and choos^ 

e+ = L 
e- = N 

e* = M 

e* = M 



du , 

dv + Hdu + wdz + wdz , 

e^dz , 
e^dz , 



-M 



du — Hdy , 

dv , 

e"^ [dz - wdv] , 



(C.2) 



where, conforming to the results of eq. (3.75), only H = H{u,v, z, z) and U and the ws 
depend on n, z and z. 



The non-vanishing components of the spin connection can be seen to be 
= -9^H e+ , 



O.H) 

e-,H) 



[e+U + y-^^ {d^m - dsvu)] e* 
[e+U - y-^^ {d,w - d-.w)] e* 



{d,w - dzw) e+ - e'9,U + e* OiU 



(C.3) 
(C.4) 
(C.5) 
(C.6) 



^We define the directional derivatives 9a to be the duals of the frame 1-forms E°', i.e. normalised such that 
E'^(db) ~ S^b. We reserve the notation for the directional derivative on the base-space, namely dx = e^^dm. 
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A further calculation leads to the Ricci tensor, whose non-vanishing coefficients are 





= -9'iH , 




Rmm 


= 2e-2^ d^dsU 




R+» 


= e-^e+d,U - 


9,9_H + 


R+i 


= R+» ) 




R++ 


= 2e-^0ie^ + 


20^H0.U 



(C.7) 
(C.8) 
(C.9) 
(C.IO) 



[e^eiH] - e'^ 9-, [e^9,H] + e'^^du {d^w + d^w) . (C.ll 



Observe that the last term in eq. (C.ll) can always be put to zero by the coordinate trans- 
formation V — > V + p{u, z,z). 



C.2 Spin connection and curvatures in minimal d = 5 fSUGRA 

Defining the spin connection ^"'i, by means of dE"" = A E^ and imposing it to be metric 
compatible ^(ab) = leads to 



l^H ^+ - \9-u^ E"" 



,H - E'y+ojm) E+ + U.u^E- 



Eu,'^9^]UJrn + EV^O+E, 



xE+ , 



Ey 



-A E^ 



E'^9y^U^rn 



E'i^9+Ey]^ 



E+ 



(C.12) 

(C.13) 
(C.14) 
(C.15) 



where we have defined (5E^ = X^y A E^ and Xzy = Szx^^y, whereas flxy = rjxz^^y, so that the 
sign difference is paramount. Observe that a similar condition holds for defining E„ 



- T? ^ 
^mx — -C'm • 



Of course, A is fixed by eq. (4.40) to be 

Xxy = 2i^xEy - l^^yE"" + V^ie'^y^E^ . 



(C.16) 



As stated above, if {g, A) solves the fKSE one only needs to demand Ai+ = and 
= -R++ + ^&i?x = in order to ensure that {g, A) solves all the equations of motion. We 
now treat a simplified case which shows how the GT-geometry appears in the EOMs. 



C.2.1 The u-independent case with w = 

The non- vanishing components of the Ricci tensor are given by 



R++ 
R+x 
Rx 



2'^x9~^x ) 
4 „.2 



-V,[V,To + 2eH,To] - 8e%' )^x'^x , 



^xy = 4? + 2fi<,i\y - 2eV(,H^) , 

where R^^'^ is the Ricci tensor for the three-dimensional spin connection A. 



(C.17) 
(C.18) 
(C.19) 
(C.20) 
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It is also an easy task to calculate the non-vanishing components of the Einstein field 
equation in (4.5), which read 

£++ = -V,[V,To + 2eH,To] , (C.21) 

= Ri^J - 2i V(,^^y) - \X,)Xy + ^Z^Z S,y + 6f 5,y . (C.22) 

Comparing the last equation with the symmetric part of the Ricci tensor for the Weyl con- 
nection in eq. (D.4) for d = 3, and taking into account that we are dealing with a Gauduchon 
metric, one can see that upon identifying 9 = 2(^'ii we can rewrite eq. (C.22) as 



xy ■ 



(C.23) 



Comparing this and eq. (4.25 ) to the results in appendix D.l , we see that the three-dimensional 
manifold is a Gauduchon- Tod space with k = 2^/3^. 



C.3 Kundt metrics 



A Kundt wave [109J is a metric that allows for a non-expanding, shear-free and twist-free 
geodesic null vector N. That is, respectively. 



N AdN 



, 
, 
, 
, 



(C.24) 
(C.25) 
(C.26) 
(C.27) 



where is the 1-form dual to the vector field. They were first studied in the arbitrary 
(i-dimensional case in [1101 - 1113] . The line element can always be taken to read 



where we have generically introduced the light-cone frame by 



(C.28) 




du , 

dv + Hdu + Sn^dy"" , 
em"" dy™ , 



du — Hd^ , 
dv , 

{dm Smdy) 



(C.29) 



where the Vielbein on the base-space ef is independent of v. The only u-dependence resides 
in H and S = Smdy"^ . This is the kind of metric that appears in the characterisation of the 



null cases studied above, eqs. (3.76), (4.72), (5.52), (6.42) and (6.63) 



Moreover, whenever S does not depend on it can be written in the Walker form 

ds^ = 2du{dv + H{u, V, yP) du + Sm{u, yP) dy"") + 5^„(u, x^) dy"" dy"" , (C.30) 



where gmn = e„^. Eq. (C.30 ) is the general d- dimensional metric of a space with holonomy 
contained in Sim((i — 2) [96j . 
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Defining the spin connection co'^i, = E"^ ujc,°'i, by means of dE'^ = uj°'i) A E'' and imposing it 
to be metric compatible, i.e. 0J(^ah) = 0; leads to 



1-H E+ - \ 



-Sx E^ , 



xH — e^Oj^Sm) E'^ + hO^Sx E 



UJ. 



xy 



^Sx E+ 



-A F/ 



•-xy 



(fx^+(^y]r 



(C.31) 
Ey , (C.32) 
(C.33) 
(C.34) 



where we have defined dE^ = X^y A E^ and also Xzy = Szx^^y, whereas ujxy = Vxz^^y, so 
again the sign difference is paramounlj^ Furthermore, we define 



Txy — C[x Gy]Sm, ) 



which for d = 6 reads 



V Fij - I [Dw]-- . 



(C.35) 



(C.36) 



2 l-'-Hj 

If we impose that the only u-dependency resides in H, the non-vanishing components of 
the Ricci tensor become 



R+x 
R 



-V^^^dxH + O-H V^^^Sx - H vi^'>e.Sx 
+ 25*2; dx6—H — 6—Sx dxH — SxSx 9^H , 

—0^H — ^O^SxO-Sx + ^vi^^ 0-Sx , 

— 0x9-H — V^^'^Txy + SyO-Txy + TxvO-^S; 



xy 



Jy^-^^xy 

1 
2 



xy^~>-'y ) 

y ' 



R(A)a;y 

The Ricci scalar is then given by 

R = -29^_H - I e^SxO^Sx + 2V^x^e-Sx - R(A) 
where -R(A) is the Ricci scalar curvature of A. 



(C.37) 
(C.38) 
(C.39) 
(C.40) 

(C.41) 



^Observe that a similar condition holds for defining 



Appendix D 

Weyl geometry 



In this appendix we present a brief introduction to Weyl geometry, which arises in the context 
of theories with a scahng symmetry. Furthermore, we also give a sketch of Einstein- Weyl 
manifolds, and the special class of Gauduchon-Tod spaces, which appear repeatedly in the 
characterisation of solutions to fakeSupergravity theories. 

Weyl geometry appeared naturally in an attempt to couple gravity and electromagnetism 
|155j . A Weyl manifold is a manifold A4 of dimension d together with a conformal class [g] 
of metrics on M and a torsionless connection D, which preserves the conformal class, i.e. 

Dg = 2e(E)g , (D.l) 

for a chosen representative g G [g]. Using the above definition, we can express the connection 
DxY as 

= V^Y, + , with 7^/ = g^PQ, + g.^O^ - g^J" , (D.2) 

where is the Levi-Civita connection for the chosen (7 G [g]. We define the curvature of 
this connection through [D^,Di,]yp = —^i^up^Ya, using which we define the associated Ricci 
curvature as W^^, = ^l^pu^. The Ricci tensor is not symmetric and we have 

W[H = -i^f^u, where F = de, (D.3) 

W{^.) = R(5)m. - id- 2)V(^0,) - {d-2) e^e, - g^, {V - {d - 2) 9^9^) . (D.4) 

The Ricci-scalar is defined as W = Wp^, which explicitly reads 

W = R(5) - 2{d - 1) Vp9P + {d-l){d- 2) 9p9P . (D.5) 

The 1-form 9 acts as gauge field gauging an M-symmetry, which is why we have been talking 
about a conformal class of metrics on A^. In fact under a transformation g — )• e^'^ g we have 
that 9^9 + dw and W — t- e~^"'W, whereas ^fj.up'^ and W^j, are conformally-invariant. We shall 
call a Weyl structure trivial/ closed if its curvature tensor is trivially zero, i.e. 9 = dA , for A 
a function. 

A metric g in the conformal class [g] is said to be standard (also referred to as Gauduchon) 
if it is such that 

di.9 = 0, or equivalently Vp6"' = 0, (D.6) 
where the ★ is taken w.r.t. the chosen metric g. 
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D.l Einstein- Weyl and Gauduchon-Tod spaces 

Einstein- Weyl (EW) manifolds are a special generalisation of Einstein manifolds, i.e. mani- 
folds {M,g) that satisfy 

R^lu = kg^^ , (D.7) 

in the context of Weyl geometry. We say a manifold of dimension d is Einstein- Weyl if the 
curvature satisfies 

W(^.) = ^g^u^ . (D.8) 

Gauduchon proved the existence of a standard metric on a compact EW manifold |156j . and 
Tod proved that (on compact EW manifolds) this implies that 9^ is a Killing vector of the 
standard metric g |157j . 

Einstein- Weyl geometries appear repeateadly in the study of fakeSupergravity theories, in 
the form of Gauduchon-Tod spaces. These are a subclass of EW manifolds where an additional 
geometric constraint is demanded. In [83], Gauduchon and Tod studied the structure of 
four-dimensional hyper-Hermitian Riemannian spaces admitting a tri-holomorphic Killing 
vector, i.e. a Killing vector that is compatible with the three almost complex structures of 
the hyper-Hermitian space. They found that the three-dimensional base-space is determined 
by a Dreibein, or orthonormal frame, E^, a 1-form 9 and a real function k satisfying 

dE^ = OAE"^ - K *(3) , (D.9) 

where *(3) is to be taken w.r.t. the Riemannian metric constructed out of the Dreibein. 
The underlying geometry imposed by the above equation is that of a specific type of three- 
dimensional EW space, called hyper-CR or Gauduchon-Tod (GT) spac^ The restriction 
(D.9) can equivalently be given bjj^ 



w = (D.io) 

*d9 = dK + k9 . (D.ll) 
The standard example of a GT space is the Berger sphere [53] 

(D.12) 



ds^ = d(j? + sir? {(t))dip'^ + cos^(^) (dx + cos{(t)) dip)^ 
9 = sin(//) cos(/i) {dx + cos(^) dip) , 



which is the unique compact Riemannian GT manifold, and can be seen as a squashed or 
an SU{2) group manifold with a [/(l)-invariant metric. One can easily see that the metric is 
Gauduchon-Tod with n = cos(/i). Thus, in order to use it in the five-dimensional solutions of 
chapters |4] and [5| it needs to be rescaled by a constant. 



^Observe that the Jones- Tod construction implies that the three-dimensional GT space, orthogonal to a 
generic Killing vector on a four-dime nsiona l hyper-Hermitian space, is always Einstein- Weyl |106| . 



^The sign difTerence between eq. (D.IO I and eq. (S) in [831 prop. 5] is due to a differing definition of the 
Riemann tensor. 
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Another class of GT spaces, albeit not in the Gauduchon-gauge, was given in [89', Th. 1.3] 
and reads 



^ _^ 4|2; + /i|2 ^ ^ ^ (D.13) 



dzdz 
[l + \z\ . 

2Re (^) , (D.14) 

2Imf-^) , (D.15) 



where h is an arbitrary holomorphic function h = h{z). This was used in section 5.3.3 



on 



chapter [5| to propose a solution to the theory. Note that the choice h = —h results in the 
3-sphere, and h = h leads to the flat metric on M'^ with k = 0. 
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Appendix E 

Similitude group and holonomy 



In this appendix we present some information on the Similitude group, which appears in the 
main chapters of this thesis. We also provide with details on its relationship to the holonomy 
group, and recurrent vector fields. For more information, see |158| and references therein. 

E.l Sim and ISim as subgroups of the Caroll and Poincare 
groups 

The Galilean (or Galilei) group describes, in Classical Mechanics, how to transform coordi- 
nates which are measured in two references frames moving relative to each other, at constant 
speed. Of course we now know that these transformations are only valid in a regime of low 
velocities, being superseded by Lorentz transformations in most cases of interest for Particle 
Physics. This means that the Galilean group provides a non-relativistic limit to the Poincare 
group. The Carroll group is constructured similarly, where one chooses a different coordinate 
to label time (see below for details). 

Both the Galilean and the Carroll group are symmetry groups of a theory living on a 
Minkowski spacetime of (1,1) dimensions more \159\ 195] , Hence they are best understood 
as subgroups of the Poincare group. The {d? + Sd + 2)/2 generators of the Poincare algebra 
\5o{l,d) are translations, rotations and boosts, subject to 

[Mij,Mki] = i{r]ikMji - rjiiMjk - VjkMu + rjjiMik) , 

[Mij,Pk] = i{riikPj - VjkPi) , (E.l) 

[Pr.Pj] = 0. 

However, an alternative description of these is more appropiate to describe the Galilean and 
Carroll subgroups. By going to the light-cone metric of Minkowski space 

ds^ = -2dudv + dx^dx^ for i = 2, d (E.2) 

we find that the elements of the Poincare algebra can be cast as space translations and 
rotations Pi = di, Mij = —i{xidj — Xjdi), two null translations H = du, M = and 2d — 1 
boosts = —i{udu — vd^), Ki = —i{udi + Xidy), Vi = —i{vdi + Xidy)- 

The Bargmann algebra (see |160j ) is obtained by considering the subalgebra of iso(l,d) 
that commutes with M; this is the reason why it is often referred to as the 'central extension 
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of the Galilean algebra', and equivalent to excluding generators N and Vi. It has the following 
rules 

[Mij,Mki] = i{riikMji - rjiiMjk - VjkMu + r]jiMik) , [Mij, P^] = HvikPj - VjkPi) , 
[Mij,Kk] = i{r]ikKj - rjjkKi) , [Mij, H] = , 

[P,,P,] = 0, [Pi,H] = 0, (E.3) 

[Ki,Kj] = 0, [K^,H] = iP, 

[Ki,Pj]=ir]ijM . 

The Galilean group, in turn, is the Bargmann group when we mod out the action of M. This 
means that the last commutator above can be put to zero. We shall not be using the Galilean 
group in this thesis, but it has gained some popularity in the last few years because of its 
relevance in studies of condensed matter systems through string theory methods. 

The Carroll algebra was first introduced in |161j by performing a Wigner-Inonii contraction 
on the Poincare algebra. This contraction is different to the one used to obtain the Bargmann, 
and it is obtained by looking for the subalgebra of iso(l,(i) formed by {Pi, Mij, Ki, M, N} 
modulo N, whose full commutator rules are 

[Mij,Mki] = i{r]ikMji - rjiiMjk - VjkMu + TjjiMik) , [Mij,Pk] = i{r]ikPj - VjkPi) , 

[Mij,Kk] = iivikKj - 7]jkKi) , [Mij,N] = , 

[Mij,M] = 0, [P^,Pj]=0, 
[Pi,N]=0, [P„M] = 0, 

[Ki,Kj]=0, [Ki,Pj]=ir]ijM , 

[Ki,N] = m, [Ki,M]=0, 
[N, iV] = , [N, M] = -iM , 

[M, M]=0 . 

The Similitude group Sim{d—1) is obtained as a subgroup of the Carroll group by keeping the 
subset {Mij,Ki, N} of the Carollian algebra. Its algebra hence has (d^ — d + 2)/2 generators 
and it can be seen to form a subalgebra of so(l, d). 

[Mij, Mki] = i{r]ikMji - rjiiMjk - r]jkMu + VjiMik) , [Mij,N] = , 

[Mij,Kk] = iivikKj - rjjkKi) , [Ki,Kj] = , 

[N,N] = Q, [Ki,N]=iKi. 

In fact, the group is isomorphic to the Euclidean group of M^^^, augmented by homotheties 
(similarities) parametrised by a scaling factor, and it is the maximal proper subgroup of the 
Lorentz group SO{l,d). 

If we add the translations operators {Pi, H, M} the algebra obtained has {d^ + d + 4)/2 
elements, and it is a subalgebra of iso(l, d). The group then formed is correspondingly labelled 
ISim{d — 1) = Sim{d — 1) >< M}''^ |162j . For d = 3, this is the symmetry group used in Very 
Special Relativity, a theory allowing a small Lorentz violation, consistent with the observed 
CP violation [TH]. 



E.2 Holonomy 

Holonomy is a measure of how much parallel transportation along a closed loop on a smooth 
manifold fails to preserve a certain geometrical quantity. In a nutshell, when parallel- 
transporting a non-scalar object around a closed loop, it will only remain constant if the 
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holonomy group is trivial; otherwise the new object wih be the result of having acted upon 
the original one by a holonomic transformation. The set of all transformations for a given 
manifold M and a connection V gives the holonomy group. In more formal language, this 
group is described as 

HoL(V) = {P-y G GL{M^), s.t. 7 is a closed loop based at x € m| , 

where : M^. 

Since we deal with problems arising in the context of supergravity theories, we shall 
particularly deal with manifolds of special holonomy. These are defined as manifolds admitting 
the existence of parallel spinors (w.r.t. Levi-Civita), and thus they naturally appear in the 
context of (fake-) supersymmetric studies. The classification of Riemannian irreducible non- 
symmetric simply-connected holonomy manifolds was given by Berger [163j . Moreover, Wang 
gave the dimensionalities of the spaces of (non-trivial) parallel spinors [7D], thus establishing 
which manifolds have Ricci-flat metrics [H I164| . 



Hoi. group 


dim(Af) 


Associated manifold (M, g) 


dim({e}) s.t. Ve = 


SO{n) 


n > 2 


generic orientable Riemannian 





U{n) 


2n 


generic Kahler 





SU{n) 


2n 


special Kahler (CY) 


2 


Sp{n) ■ SpiX) 


4n 


quaternionic-Kahler 





Sp{n) 


4n 


hyper-Kahler 


n + 1 


G2 


7 


exceptional holonomy 


1 


Spinil) 


8 


exceptional holonomy 


1 



Table E.l: Berger 's classification of possible holonomy groups for irreducible non-symmetric 
simply-connected Riemannian manifolds. Notice how only the third, fifth, sixth and seventh 
cases are Ricci-flat, thus composing the list of special holonomy manifolds. 



In this thesis, however, we are interested in Lorentzian spaces, and holonomy is one of 
those features where Riemannian and pseudo-Riemannian geometry take on a very different 
form. The interested reader can consult |163| 11651 1166| for further information on this topic. 
We should also note that, since we consider connections that respect lengths, the maximal 
possible holonomy group is 50(1, d). Given that Sim{d — 1) is its maximal proper subgroup, 
this means that the minimal holonomy reduction that can occur in a Lorentzian spacetime 
M^'^ is HoIm = Sim{d — 1). We now study the relation between having holonomy inside 
Sim{d — 1) and recurrent vector fields. 

E.3 Recurrency 

We say that a vector field is recurrent if 

= , (E.4) 

where is called the recurrence one-form |95| . Geometrically this means that n'^ does not 
change direction under parallel-transportation. When on top of that n'^ is null, i.e. n^n^ = 0, 
this implies that the connection has holonomy inside Sim{d — 1). Let us see this. 
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Considering the musical isomorphism that takes \nj^ = gv^n^^-, one can show that 
which imphes 

n}' = du — )• dn}' =0 — )• V^n,^ = ^n^n^ , 

for some function ^. This last equation says that n^ generates a geodesic null congruence that 
is hypersurface orthogonal, non-expanding and shear-free. We parametrise this congruence 
by V, and hence n = n^^d^ = J^. 

The components of n and n!' allow us to write explictly the metric in Walker form [96] 

ds^ = H{u, V, x)dudu + 2dudv + 2Ai{u, x)dudx^ + gij{u, x)dx^dx^ , (E.S) 

where we have taken the function u, parameter v and the (d — 1) transverse as coordinates. 
One can then use Ricci identity to obtain 

Rfiiyp^ria = {dB)^ynp . (E.6) 



If we interpret the curvature tensor R^up'^ as a Lorentz algebra- valued two- form, eq. (E.6) 
means that the rotation performed on n for a given loop 7 = (X, Y) is related to the field 
strength of the recurrence one-form, i.e. 

(0(x,y)on)p = F(^)(X,y)n, . (E.7) 

It is an easy matter to see that Rpu+i = 0. This implies that = and hence that the 

local holonomy group is generated by {d — 1) generators less than those of S0(1, d). In other 
words, the maximal holonomy group is Sim{d — 1). 

Furthermore, \i H = H{u, x), i.e. not depending on v, eq. E.5 becomes a Brinkmann wave 
[1671 - 1169] . This means that V^n*^ = and hence n is a (null) Killing vector field. In this case 
the maximal holonomy group is not Sim{d — 1) but rather a subgroup of it, the Euclidean 
group of M'^"^, where one further generator is no longer needed, since now Rpu^ = 0. 



Appendix F 

The Lorentz and the Spin groups 



The group of diffeomorphisms, paramount to Einstein's theory of gravity, does not aUow 
for half-spin representation^ and hence a different recipe is needed to include fermions 
in a formulation of gravity. This was first done by Weyl, who realised that the connection 
existent between the Lorentz and the Spin group could be exploited for this purpose |170| . By 
exponentiating the generators of the Lorentz algebra so(l, d — 1) in a spinorial representation, 
one obtains the simply-connected Spin{l,d—1) group. This is the famous 2-1 correspondence 
between Spin{l, d—1) and 50(1, d—1), which we succinctly explain now. 

The generators of the Lorentz algebra are those Mat with Mab = —M^a (where a, b 
0, 1, . . . ,ci- 1) such thalpl 



[Mah, Med] = -r]ac Mm - Vbd Mac + rjad Mbc + r]bc Mad ■ (F.l) 

This relation guarantees that the exponential map on the algebra gives the group of Lorentz- 
Fitzgerald transformations A'^rf = e""" i'^'^ab)''d^ which respects the metric rj = {+, — , — ) in 
accordance with the special principle of relativity 

V'^'VabV = V^VabV , (F.2) 

where V'"" = A"'bV'^. This implies a generalised constraint for orthogonality 

AeSO{l,d-l) ^ VabA'cV"" = {^~'fa , det{A) = l, (F.3) 

where rj'^'^ is the inverse of rj, and the flat metric can be used to raise/ lower Lorentz indices. 
This condition translates at the level of the Lie algebra into 

(Mab)'' = -Mab ^ tr{Mab) = , (F.4) 
which implies that the generators are antisymmetric in their Lorentz-indices, i.e. 

Mab = -Mba . (F.5) 

The generators of the Lorentz algebra in the vector representation are thus given by 

r^{Mab)'d = '^V[a'Vb]d , (F.6) 



^At least not ones that fall naturally within the framework of the gravity theories we shall be discussing in 
this thesis. 

^Notice that the following rule coincides (modulo conventions) with the first equation in the system (E.l I. 
This is so because the Poincare algebra is the Lorentz one plus translations. 
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which obviously satisfy eq. (F.l). 

The Spin{l,d — 1) group, on the other hand, is generated by the product of an even 
number of elements of the Clifford algebra with an inverse, where the defining relation for the 
Clifford algebra is given by 

The connection between Clifford and Lorentz algebras becomes obvious with the following 
choice for the spinorial representation of the Lorentz algebra 

rs{Mab)% = ^(7[a76])% = " Ib^aT ^ , (F.8) 

where the a, /3 indices run from 1 to 2l-'^/^-l, and label the components of a general complex 
spinor which by definition is an irreducible representation of the Spin group. In other 
words, one can use a representation of the Clifford algebra for rjab to construct a representation 
for so(l,d — 1). And because spinors are irreps of Spin{l,d — 1), which is generated with 
the Lorentz algebra, one has a way to speak of fermions locally, i.e. at every point on our 
curved manifold, on which one considers a Minkowskian tangent space with 5*0(1, d — 1) as 
the structure group for changes of frame. 

The experienced reader will have noticed that the exponential map 

: 1 + a^^Mab + ... (F.9) 

will only give the elements of the Lorentz group connected to the identity, what is usually 
called the proper orthochronous, or restricted, Lorentz group SO~^{l,d — 1). To obtain the 
non-connected orbit^ one has to act with (discrete) parity P = diag(l, —1, —1, —1) and time- 
reversal T = diag{— 1,1,1,1) transformations. However, as commonly done in the Physics 
literature, throughout this thesis -and with the exception of the following paragraph- we shall 
refer to the restricted Lorentz group simply as the Lorentz group, and we will generically 
label it by 5*0(1, d — 1), omitting the (-l-)-label. Likewise for the restricted Spin'^{l,d — 1) 
group. 

The generators of the Lorentz so(l, d — 1) algebra in the spinorial representation Ts{Mab) 
will give the simply-connectecj^ group, Spin^{l,d — 1), which is only locally isomorphic to 
50+(l, d—1), i.e. the algebras are the same. At the level of the group, however, Spin^{l, d—1) 
is covering S'0"*'(1, d—1), and in particular for d > 2 the former is 1-connected, so one says 
it is the universal covering group|^of the Lorentz group. Furthermore, this cover is a double 
cover, in that there are two elements of Spin mapping to each element of Lorentz. 



''There are four orbits in total, relative to the possible orientations of space and time. Proper/ inproper 
(det(A) = ±1) determine whether the subgroup respects the orientation of space, and orthochronicity is a 
measure of the group respecting the direction of time (A^i > 1). 

■^A group manifold G is simply-connected, or 1-connected, if it is path-connected, and has trivial funda- 
mental group, I.e. ■7ri(G) = 1. The latter is defined as the set of loops defined on the space modulo continuous 
deformations (homotopies). This means that a simply-connected manifold presents no obstructions (holes) to 
deforming any loop homeomorphically into another loop with the same base point. 

^This means that the Spin group will cover any other possible connected cover for the Lorentz group. 
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The prototypical example of this is given by the homomorphism 

p : SL(2,C) ~ Spin+ {1,3) SO+{l,S) , (F.IO) 

characterised by p{P) : X — > PXP^ , where X is a generic Hermitian matrix 
with the extended Pauli matrices {(7° = l,a^,a^,a^} as basis, which is 
identified with Minkowski space -where a generic vector v"^ = [t, x, y, z) lives- 
through the determinant function, i.e. det{X) = {} — x^ — ip" — z^ = v^'qv, 
for 

x = ( ''-'y \ , (F.ii) 

\ x + iy t - z J ^ ' 

and P G 5L(2,C). The cndomorphism on the space of Hermitian matrices 
preserves the determinat, and hence its action on M^^'^^ is isometric (vector 
length-preserving), which was of course expected since p{P) is a Lorentz 
transformation. Furthermore, one can easily see that both P = K and 
P = —K, for K any element of 5^(2, C), give the same element of M^^'^^, 
and hence the 2-1 mapping. 

This is why it is common to hear that the latter is doubly-connected, namely that its funda- 
mental group is isomorphic to Z2. Despite these differences, it is also quite common to hear 
them referred interchangeably. 



APPENDIX F. THE LORENTZ AND THE SPIN GROUPS 
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